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1 Preliminaries

Given any rectangular matrix A € R™*"™ with n = m, its ordered singular values are written

as
Omax(A) =01(A)=202(A)=---=20,(A) =0nin(A) =0

and we have

Omax(A) = max [|[Avlz and opin(A)= min [[Avl.
veSm1 pesm-1

where S 1 £ {p € R™||lv|, = 1} is the Euclidean unit sphere in R™. Note that [|All> =
Omax(A).

Denote the set of symmetric matrices in R? as #4*4 = {Q e R9*4|QT = Q} and the set of
positive semi-definite matrices as yfx‘i ={Q¢e S| = 0}.

dxd

For any symmetric matrix Q € R**% its ordered eigenvalues are written as

anax(Q) =71 (Q) = YZ(Q) =2 Yd(Q) = Ymin(Q)-

The Rayleigh-Ritz variational characterization of the min and max eigenvalues is defined
as

Ymax(@Q) = max v'Qv and Ymin(Q)= min v Qu
veSi-1 veSi-1

For any symmetric matrix Q, there are two equivalent forms of £, operator norm of Q, i.e.,

Q2 = max{ymax(Q), [Ymin(Q)I} <= Q2 = m;'}lxl lv" Qu|
vE -
(¢2-operator norm in maximization)
For any rectangular matrix A € R™™ with n = m, we define R = AT A. The following

inequalities hold
YiR) =05(A), j=12,...,m.



Theorem 1.1 (Courant-Fisher min-max theorem): For any Q € %4,

= max mlanQv,
dim(E)= k”vﬁﬂil

where E is a subspace of R9.

2 Covariance Estimation

Let {X3, X5,..., X;,} be a collection of n independent and identically distributed samples from a

distribution with zero mean and covariance = € R4*?. A unbiased estimator of X is the sample

covariance matrix

Since E[X;] =0, E[Z] =32
Our goal is to obtain bounds on the error £ — X measured in £, operator norm. From

(¢2-operator norm in maximization), we have

IZ-Zll; <e < max Z<X,,v> —vlzv|<e
vesd-1

By the Weyl’s theorem, we have the following corollary.

Corollary 2.1: For any symmetric matrices A, B € #%*¢,

s lYk(A) = y(B)I < lA- Bl

.....

holds.

Similar, for general rectangular matrices
lok(A)—ok(B) < lA-Bll2

holds, where o .(-) is the k-largest singular value.

Hence, control in the operator norm guarantees the eigenvalues of X are uniformly close to

those of X.
Let X £ [X1; Xo;..., X,] € R"*4 be a random matrix and {Uk(X)}mm{"d be the collection

of singular values of X, we have

L 1

Z =-X"X.
= n

and hence it follows that

Yk =0%(X/vn) k=1,2,...,min{n,d}.



Definition 2.1 (Z-Gaussian ensemble): Let X; i.i.d N (0,%). We say that the random
matrix X £ [X1; Xo;..., X,,] e R4 jg drawn from the Z-Gaussian ensemble and the sample

covariance matrix Z = %X T X is said to follow a multivariate Wishart distribution.

Theorem 2.1: Let X € R™*“ be drawn according to the Z-Gaussian ensemble. Then for

all 6 > 0, the maximum singular value omax(X) satisfies the upper deviation inequality

O max(X)
vn

tr(2)

> Ymax(VE)(1+8) +1 ] = —

P

Moreover, for n = d, the minimum singular value owmin(X) satisfies the analogous low

deviation inequality

p tr(X) o 8212

<

< Ymin(VE)(1 - 6) -

O min (X))
n

Example 2.1 (Operator norm bounds for the standard Gaussian ensemble): Con-
sider a random matrix W € R™“ drawn from I;-Gaussian ensemble, i.e., W has i.i.d

A(0,1) entries. By specializing Theorem 2.1, we conclude that for n = d, we have

/n <1+6+4/ and 7 =1-6-4/

held with probability greater than 1 — 2e7"0°12 which implies

Id
<2c+¢®> wheree=1/—+86,
2 n

with the same probability. Consequently, the sample covariance T = %WTW is a consi-

1
H';WTW—Id

stent estimate of 15 as d/n — 0.

Proof. Let R2 %WdW. Since

Yi(R) = 0% (W/vn) fork=1,2,...,min{n,d},

we have

2 2
Ymax(R) < (1 +6+ \/%) and  Ymin(R) = (1 -0- \/%J

held with probability greater than 1-2¢10%2,

By (¢2-operator norm in maximization)

IR - 1I4ll, = max{ymax(R) — 1,1y min(F2) — 1]}.



Moreover,

and

2
> -2 6+\/z |0+ —
n

Putting all these inequalities together, we conclude that

2
d d

holds with the probability greater than 1 — 2e710%12,

S

Example 2.2 (Gaussian covariance estimation): Let X € R™*% pe a random matrix
from the Z-Gaussian ensemble. By standard properties of the multivariate Gaussian, we

can write X = WX, where W is a standard Gaussian random matrix, and hence

X xx] |
2

-X"X-2
Consequently, from Example 2.1 we conclude that, for n = d

n
12 =2l < 2\/g+26+ \/EHS
([P P n n

: - -ng?/2 ih impli ; =il
with probability at least 1 — e for all 5 >0, which implies the relative error ==

1
ZWTW—Id

‘\/f(%WTW—Id) vz

< 1=l
2

2

converges to zero as long the ratio d/n converges to zero.



Example 2.3 (Faster rates under trace constraints): Let {yj(Z)};.i: be the ordered ei-
genvalues of Z, with y1(X) being the maximum eigenvalue. Now consider a non-zero cova-
riance matrix X that satisfies a “trace constraint” of the form
d
tr(®) El e,
IZl: 7

where C is some constant independent of dimension. The above inequality always holds
with C = rank(X), providing a lower bound of the matrix rank.

For any matrix be drawn according to the Z-Gaussian ensemble with its covariance ma-
trix satisfied the “trace constraint", Theorem 2.1 guarantees that, with high probability, the

maximum singular value is bounded above as

o C
T):ZSYmax(\/E) 1+5+\/; .

By comparison to the earlier bound for = 1 ; in Example 2.1, we know that the parameter

C acts as the effective dimension.

A more general of the “trace constraint” is the Schatten g-“balls” of matrics, which take the

form

By(Ry) := {ZEy‘”d

d
2 @)1 qu},

j=1
with g € [0,1] is a given parameter, and R; > 0 is the radius. These matrices exhibit a relatively
fast eigendecay.

Before justifing Theorem 2.1, we present the Sudakov-Fernique inequality

Theorem 2.2 (Sudakov-Fernique Inequality): Given a pair of zero-mean N-

dimensional Gaussian vectors (Xy, ..., Xy) and (Y,..., YN), suppose that
El(X; — X% < EL(Y; - Yj)z] forall (i, j) € [N] x [N].
Then

[E[maXXj] < E[max Yj].
J€EIN] J€EIN]

Q: Does Sudakov-Fernique inequality hold in infinite dimension? A:Yes!

Proof of Theorem 2.1. For brevity, Let & denote Ymax(\/f). We rewrite X as WX, where

the random matrix W € R"*% has 4 (0,1) entries.

Umax(W\/E)

g asa function of matrices. By Corollary 2.1, we have

Viewing the mapping W —

Umax(P\/f) O'max(Q\/f) < 1 < o <i 3
NN _ﬁll(P—Q)\/fllz—ﬁ”P—Q”z—\/EHP Qlr.




Hence, such function is Lipschitz continuous with constant = \/_ By concentration measure for

Lipschitz functions Gaussian random vectors, we conclude that
PO (X) = El0ma (X)] + V7158] < e 0712 (e 1°0%/29),

Therefore, it suffices to show that

El0max(X)] < V1o + Vtr(2). (Upper Bound of Max Singular Value)
Since omax(X) = max_ | X v'|l2, making the substitution v = VZv', we can write
v'eSd-
Omax(X)= max [|[Wov| = max max u!'Wo
veSd-l(zh ueS41 peSd-1(z- I)T

u,v

where Sz ={ve Rdlllz_%vllg =1} is an ellipse.
Let T = S" ! x $91(=~1). To proof (Upper Bound of Max Singular Value), we construct

another Gaussian process {Yy, 5 : (u,v) € T} such that
2 2
E [(Z(u,v) ~ Za,0) ] =E [(Y(u,v) ~ Ya,5) ] ’
and subsequently applying the Sudakov-Fernique inequality, we have

<E| max Yy |.

(u,v)eT (u,v)eT

El0max(X)] = [ max Zy, v

By the symmetry of (Zy,v) — Z(a,f,))z w.r.t the argument pairs (u,v) and (@, ?), we assume

that [[vll2 < |D]l2.

E [(Z(u,v) - Z(ﬂ,ﬁ))z] =E[u'Wv-a'Wo|
=E[ (W, w0y — (W, as"))’|
=E[{W,uv” —asT)?]

Since the matrix W has i.i.d. 4(0,1) entries, and by the expansion of inner produce { A, B)) =
Yy AijBij, we show that

ij=1
E|(Zuw ~ Zaw) | = E[(W, w0 - a5")?] = juv” - as" I}
Moreover,
||uvT ~fJTIIF—Iluv —ud’ +un’ - %

=lu-@)s" +u@w-0)"|%
=lw—-@)d" 1%+ lu@w-9) "% +2¢u-a)5” , uw-o)T)
< lu—al3lol5 + v -ol5llwls+2¢uw—-a)o", u@-o0)")

and

(u-a)8" uw-0)"y =u' w-a)o" (v-9)

2 T ~ ~T ~n2
=(lull;—u" @) - (0 v-|v]5)



Note that ||lull» = @l = 1, IIullg —ulal = 0. By the Cauchy-Schwartz inequality and
lvll2 < |D]l2, we obtain
(0, v) =Dz llv|l = ||’l7||§
. d-1 — 1 1.1 _
SinceveS* (X)) and 6 =22, = max | Z2Z72v], we have ||v|, < 6.

1Z72vl2=1
Putting together, we have

2, _ =2 - 2
El(Zww) — Za,s) ] < 6°lu—all; + v -5

Define the Gaussian process Yy, . := 6(g,u) + (h,v), where g € R"” and h € R are both
standard Gaussian random vectors, and mutually independent.

Computing the expectation directly, we have
El(Yiuw) ~ Ya,s)’] = 6% lu—al3 + v -ol3.
Recalling the Sudakov-Fernique inequality, we obtain

Elomax(X)] =E <E

max Yu,v]

max Zy v
(u,v)eT (u,v)eT

GEllgl2] + E[IVZhIl,]
2 5vn +ElVERI,)
Y ovn+ Vrr @)

where both (i) and (ii) are results of the Jensen’s inequality.

3 Covariance matrices from sub-Gaussian ensembles

Definition 3.1: A zero-mean random vector x € R is said to be sub-Gaussian with para-
meter at most o, if for each fixed v € S*~1, we have

82

E[e'®®]<e’2  forall AR

« Suppose that the matrix X € R4 has i.i.d. A4 (0,1) entries. Hence each entry x;j is
zero-mean and sub-Gaussian with parameter o = 1. In all of rows x; of X, for any vector

veSi1 (v,z;) ~A(0,1) and therefore is sub-Gaussian with parameter at most o.

« Suppose that x ~ . A4(0,X). Foranyv € $9-1 we have (v, ) ~ A (0,0 Zv). By definition
of operator norm for positive semi-definite matrices, we have vTZv < ||IZ|l. Hence, x is

sub-Gaussian with parameter at most a?=IZI.

Definition 3.2 (Row-wise o-sub-Gaussian ensemble): If a random matrix X € R"*¢

is formed by drawing each row x; € R? in an i.i.d. manner from a o-sub-Gaussian distri-

bution, then we say that X is a sample from a row-wise o -sub-Gaussian ensemble.




Theorem 3.1: There are universal constants {cj}‘;’.zo such that, for any row-wise o -sub-

N n
Gaussian random matrix X € R™ ¢, the sample covariance T = % h acl-a:l.T satisfies the
i=1
bouds
S_ ptiad n
[E[e’1|||2 lelz] <e® T M forall|A] < ————;
64e0

and hence

I=- =il d d ini5,62

= s =4 = p 46| < ce®minldT G all 5> 0.

o? n o n

« Suppose X = I; and each x; is sub-Gaussian with parameter 0 = 1, the second tai

bound in Theorem 3.1 implies that

- d d
NZ—=Tall2 S/ —+—
n o n

IZ = Ill2 = max {ymax(Z) — 1, [ymin(E) — 11}
and note that )/k(f) = J?C(X/\/ﬁ) for k=1,2,...,min{n,d}, we have

d d d d
1—\/;—gsafnm(X/\/ﬁ)sailax(X/\/ﬁ)sl+\/;+;.

If n=c’?d for some ¢’ > 1, we can conclude that

with high probability.

Since

1-¢ §<Umin(X)<Umax(X)<l+C, g

This result is similar to Example 2.1, except that the constant ¢’ is larger than

one.

Proof of Theorem 3.1. For brevity, let Q := 3 — ¥ and note that Q2 = max [{v, Qu)].
veS4

. o A — . o
There exists a collection of vectors € = {vy,...,vn} as an %-COVGI‘ of $971 in the Euclidean

norm, where the size of the collection N < 179, For any v € S9-1 there exists v; € € such

that [v—v;l2 < %, which implies v can be represented as v = v; + A with [|[All2 < %.

Hence
(0, Qu) = (v;, Qi) +2(v;, QA) + (A, QA).
From the triangle inequality, we get
(v, Q)| = Kvi, Qui) +2(v;, QA) + (A, QA)|
< Kvi, Qui | +2[{vi, QAN + (A, QA)]
< [(vi, Qud| + 211 Q2 1ALl + IAIZN Q2

1 1\?
< {vi, Qui)| +2- gIIIQIIIz + (5) N

1
< |<’Ui,Qvi>|+EIIIQ|||2



We conclude that, for any v € sd-1
Q2 £ max [(v, Qu)| <2max|(v;, Quy)|.
veS$d-1 VEE

And therefore, for 1 =0,

274 maxl(vi,Q'ui)l
V;EC

E [eManz] <F|le

+E [e—zuvi,Qv» ]) .

N

<y ([E [ MW Qui)
i=1

By the symmetry of A in the last inequality, we have

N
Q i QU; - i QU;
[E[e’”” ”'2] sizzl([E[eW ”>] +[E[e 2\ ”>D for all LR,

We claim that for any fixed u € S

2 4 4
r [et(u,QU)] <277 forall |t < FeSC)
32ec0

Applying the inequality (#) twice with t =21 and t = —2A, respectively, we obtain

22 n
E [ e/lIIIQlllz] <2Ne™w " forall Al < ——.
64e%02
Since 2N <2(17)" < e,
212
[E[el'”Q'”Z] < 20487 et vad o N < —0.
4e%0?

Let co = 2048e*, we prove the first inequality in the theorem. The second inequality is a result
of the Chernoff trick.

The remaining detail is to prove the bound ().

By the definition of @ and the i.i.d

n
LY (@iuw?—(u,zu))

[E[e““'Qw] =E|e"i=

n

=[]t [eﬁ{wc,-,u)z—(u,zw}]
i=1

)I’l

Letting € € {—1,+1} denote a Rademacher variable, independent of x;. By the symmetriza-

_ ([E [e§{<m1,u>2—<u,2u>}

tion technique, we have
Ea, eﬁ{(azl,u>2—<u,2u>}] = Eq, [ eﬁmwl{<m1,u>2—<w’,u>2}]

< Ep o |en (@100 =@
- 1

= [Eacl e%<wl’u>2] '|Ea:1 [e_é@l”wz]

< \/[Eml @] .\/[Ewl ||

2t 2 2t 2
Fe, [e;«vl,u) ] +Eg, [e—;«vl,u) ]
<

B 2




By the Taylor series of e, we show that

Ea, [ez—,f<m1,U>2] +Eq, [e—z—,ﬂml,u)z]

Ea, eﬁ{(wl,wz—m,zm}] <

2

<L Ee@w? | L -2y

2

1(&01 (2¢

=5(Z k,( ) [E¢zy, u)? +Z ( ) [[E<m1,u>2])
k=0 ™"
x 1 (21 .y

—1+;m(—) El{xy, u)”]

Using the equivalent characterization of sub-Gaussian variables, we have

| ¢
Fl{xy, u)*] < _aat (\/éea)4 (=1,2,--.

T 220(20))
Hence Y
L@y, u)?—(u,Zu)} = 1 g 40)! 40
For | ]Sl Z < (20)! ( 224’(24)!(‘/560)
20
<1+ Z
=1 &,_/

f®

by the fact that (4¢)! < 224[(26)!]2(5 =1,2,---).

By the Taylor series of ;= and the inequality ﬁ < e?® for ae [0, %], we have

161 1 16¢ 2
1+Z 2 2 _—ZSezfzm if —620'2 <£.
1-f4(1) n 2
Putting together, we conclude that
E [e““’Qw] < 2o f |t < _ven
32?02

which of course holds when || < —32;;02

10



