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Preliminaries

Definition 1 (Sub-Gaussian Variable)

A random variable X € R is said to be sub — Gaussian with variance proxy o? if
E[X] = 0 and its moment generating function satisfies

2.2

Elexp(sX)] < exp (J ) , VseR.

In this case we write X ~ subG(c?).

High-Dimensional Data Analysis by Weiwen Wang 2/86



Preliminaries

Definition 2 (Sub-Gaussian Vector)

A random vector X € R? is said to be sub — Guassian with variance proxy o? if
E[X] = 0 and u X is sub-Gaussian with variance proxy o2 for any unit vector
u € S, In this case we write X ~ subG (c?).
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Preliminaries

Definition 3 (Sub-Gaussian Matrix)

A random vector X € R¥*7T is said to be sub — Guassian with variance proxy o? if
E[X] = 0 and ul Xwv is sub-Gaussian with variance proxy o2 for any unit vector
u € S v e St In this case we write X ~ subG,, 1 (0?).
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Preliminaries

Theorem 4

Let X € R? be a sub-Gaussian random vector with variance proxy o2 and
By ={0€R: |0, <1}. Then

E[max 67 X] = [E[max 0T X|) <40Vd and P(max 87X >t) < 6% 8cr2

6B, 6cB,

for any t > 0. Moreover, for any d > 0, with probability 1 — ¢, it holds that

max 07X = max [07X| < 40Vd + 20+/21og(1/6).

0B, 0eB,
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Preliminaries

Let V(P) denote a set of finite number of vertices, a convex polytope P is defined as
P = conv(V(P))
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Preliminaries

Let V(P) denote a set of finite number of vertices, a convex polytope P is defined as
P = conv(V(P))

Theorem 5

Let P be a polytope with N vertices vV, ..., /™) € R? and let X € R? be a random
vector such that, [U(i)]TX, 1 =1,..., N are sub-Gaussian random variables with
variance proxy 2. Then

E[max 67X] < o4/2log N, and [E[r(r’lag 167 X|] < o4/21l0g(2N).
€

6cP

Moreover, for any ¢t > 0,

P (max 0T X > t) < Ne_ﬁ, and P (max 16T X| > t) < INe 2.7,
OeP 0eP
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Fixed Design Linear Regression

Consider the following model:
Y, =f(z;,)+e, i=1,2,...,n,

where € = (€, ..., ¢,)T is sub-Gaussian with variance proxy o2 and E[e] = 0. We
assume that € R? and f(x) = 276" for some unknown 6*.
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Fixed Design Linear Regression

Consider the following model:
Y, =f(z;,)+e, i=1,2,...,n,

where € = (€, ..., ¢,)T is sub-Gaussian with variance proxy o2 and E[e] = 0. We
assume that € R? and f(x) = 276" for some unknown 6*.

In contrast to the random design where z, ..., x,, are stochastic, the fixed design
assumes that z,, ..., z,, are deterministic. In such setting, we observe

w = (f(xy), ...,f( ))T € R™ and € = (€, ..., ¢,)T € R™ is sub-Gaussian with
variance proxy o>
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Fixed Design Linear Regression

We focus on the Mean Squared Erro(MSE) as a measure of performance. It is defined
by
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Or equivalently,
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Fixed Design Linear Regression

Let the design vectors x4, ..., x, € R store in a n x d matrix X, whose jth row is
given by x]T The linear regression model can be written in the matrix form:

Y = X6* + ¢, (Linear Model)
where Y = (Y,...,Y,)T and € = (ey, ..., €,,). Moreover,
MSE(Xf) = 4;»«(0 04)3 = (00 ) - —=(6-0)
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Unconstrained Least Squares Estimator

Definition 6 (Least Squares Estimator)

Let the least squares estimator 9L5 be any vector such that

-5 € argmin |Y — %02
0eRd
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Unconstrained Least Squares Estimator

Definition 6 (Least Squares Estimator)

Let the least squares estimator 9L5 be any vector such that
-5 € argmin |Y — %02

0eRd

We also call 15 = XOLS least squares estimator. By definition of the least squares
estimator, i can be regarded as a projection of Y onto the space spans by the
columns of X.

High-Dimensional Data Analysis by Weiwen Wang 10/86



Unconstrained Least Squares Estimator

Definition 6 (Least Squares Estimator)

Let the least squares estimator 9L5 be any vector such that

-5 € argmin |Y — %02
0eRd

We also call 15 = XOLS least squares estimator. By definition of the least squares
estimator, i can be regarded as a projection of Y onto the space spans by the
columns of X.

It is known that the least squares estimators of §* and p* = X6* are maximum
likelihood estimators when € ~ N (0,0%1,,).
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Unconstrained Least Squares Estimator

Proposition 1

The least squares estimator jiXS = X0LS satisfies
®T LS — ¥TY.,
Moreover, 015 can be chosen to be
grs = (xTx) 1Ty,

where (XTX)' denotes the Moore-Penrose pseudoinverse of X7 X.
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Proof of Proposition 1.

Let h(6) = |Y — X0||2, which is convex and differentiable over § € R%, so any of its
minima 61 satisfies R R
Voh(0F%) = 24T (Y — X615 = 0.
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Proof of Proposition 1.

Let h(6) = |Y — X0||2, which is convex and differentiable over § € R%, so any of its

minima 65 satisfies

Voh(6L5) = 20T (Y — %6E5) = 0.
That is R
XTRHLS = %y

It concludes the proof of the first statement. The second statement follows from the
definition of the Moore-Penrose pseudoinverse. O
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Unconstrained Least Squares Estimator

Theorem 7

Assume that (Linear Model) holds where € ~ subG,, (c%). Then the least squares
oLS

estimator satisfies

. 1 .
E [MSE(X0“5)] = ~E[ %" — %6|3 < 0>~
n n
where 7 = rank(X?'X). Moreover, for any § > 0, with probability 1 — §, it holds

MSE(XAL5) <
n
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Proof of Theqrem 7.
By definition of 6Ls, R
[Y = X053 < Y — %6*[5 = [e]3.
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Proof of Theqrem 7.
By definition of 6Ls, R
[Y = X053 < Y — %6*[5 = [e]3.

Moreover,
[V — %6%5|3 = [%6* + € — XO"5|3 = |X6* — X653 — 26T R(" — 67) + [ |3
Therefore, we get

GTX(éLS — 6"

|%6* — XOES|2 < 2eTR(ALS — 0%) = 2| %" — ROES|y——F— 2
[ X0+ — X055,
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Proof of Theorem 7.
As 915 depends on ¢, it is difficult to control the term

6TX(5LS o 0*)
| 6% — 0S|

To remove this dependency, we apply a technique "sup-out” gLs
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Proof of Theorem 7.
As 915 depends on ¢, it is difficult to control the term

6TX(5LS o 0*)

| %67 — %975
To remove this dependency, we apply a technique "sup-out” gLs
Let ® = [pq, ..., 5] € R™*" be an orthonormal basis of the range of X. Hence, there

exists v € R such that X(6X5 — 6%) = du.
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Proof of Theorem 7.
As 915 depends on ¢, it is difficult to control the term

6TX(5LS o 0*)

| %67 — %975
To remove this dependency, we apply a technique "sup-out” gLs
Let ® = [y, ..., o] € R™*" be an orthonormal basis of the range of X. Hence, there
exists v € R” such that X(0%% — 0*) = ®v. It yields
TXOLS — 07y Tor  Tov v o
= = = = < sup € u.
%o+ —%0LS|y  [Pvles vle Wl T wes,

where B, is the unit ball of R” and € = ®T¢.
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Proof of Theorem 7.
As 915 depends on ¢, it is difficult to control the term

6TX(5LS o 0*)

%6+ — %625,
To remove this dependency, we apply a technique "sup-out” gLs
Let ® = [y, ..., o] € R™*" be an orthonormal basis of the range of X. Hence, there
exists v € R” such that X(0%% — 0*) = ®v. It yields
TXOLS — 07y Tor  Tov v o
- = = = < sup € u.
%o+ —%0LS|y  [Pvles vle Wl T wes,

where B, is the unit ball of R” and € = ®¢. Thus

| X0 — xéLSHg < 4 sup (€Tu)?.
ueB,
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Proof of Theorem 7.
For any u € S"71, it holds ||Pul3 = u? ®T®u = uTu = 1, which implies ®u € S"
As € ~ subG,, (0?), by definition we have

2,2

s“a

E [eSST%] <e*F, VseR
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Proof of Theorem 7.
For any u € S"71, it holds ||Pul3 = u? ®T®u = uTu = 1, which implies ®u € S"
As € ~ subG,, (0?), by definition we have

T 5252

E [esg “] =[ [e“Tq)“] <ez2, VseR

Therefore, € ~ subG,.(02) and €, ~ subG(o?)
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Proof of Theorem 7.
For any u € S"71, it holds ||Pul3 = u? ®T®u = uTu = 1, which implies ®u € S"
As € ~ subG,, (0?), by definition we have

T 5252

E [esg “] =[ [e“Tq)“] <ez2, VseR

Therefore, € ~ subG,.(02) and €, ~ subG(o?)

E[sup (€7u)?] = E[&]3 = Z E[&]

ueB,

where the last inequality comes from the property of sub Gaussian variable that
E[X?] < 402
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Proof of Theorem 7.
For any u € S"71, it holds ||Pul3 = u? ®T®u = uTu = 1, which implies ®u € S"
As € ~ subG,, (0?), by definition we have

=T 5252

E [e“ “] =[ [e“Tq)“] <ez2, VseR

Therefore, € ~ subG,.(02) and €, ~ subG(o?)

.
E[sup (€7u)?] = E€)3 = > E[E] < do?r
=1

7
ueB,

where the last inequality comes from the property of sub Gaussian variable that
E[X?] < 402

Putting together, we conclude the proof the first statement. O
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Proof of Theorem 7.
By the Theorem 4, with probability at least 1 — ¢, it holds that

2
sup (€T'u)? < <4U\/F + 2m/210g(1/5)) < 320%r + 1602 log(1/4)

u€B,y

where the last inequality comes from the fact that (a + b)? < 2a? + 2b2. O
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Ifd<nand B:= g has rank d, then we have

MSE(X6L5)

éLS — 912 <
“ ||2 — )\ B) )

(Apmin(B) > 0 by assumption).

( min
min

and we can use Theorem 7 to bound [[§55 — 6*|2 directly.
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Ifd<nand B:= g has rank d, then we have

MSE(X6L5)

éLS_9*2<
| I8 <=5 "

(Apmin(B) > 0 by assumption).

( min
min

and we can use Theorem 7 to bound [[6%5 — 6*|2 directly.

For a d x d symmetric matrix B, it has eigen-decomposition UXUT where
UTU =UUT = I. Any vector u € S can be expressed by Ua for some a € R?
satisfied [la], = 1.
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Ifd<nand B:= g has rank d, then we have

MSE(X6L5)

éLS_e* 2 <

(Apmin(B) > 0 by assumption).

min
min

and we can use Theorem 7 to bound [[6%5 — 6*|2 directly.

For a d x d symmetric matrix B, it has eigen-decomposition UXUT where
UTU =UUT = I. Any vector u € S can be expressed by Ua for some a € R?
satisfied [la], = 1.

Hence, for any u € S 1,

d
u'Bu = (Ua)TUSUT (Ua) = aTSa =) " \(B)a? > A

i=1 =1
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Constrained Least Squares Estimator

Let K C R? be a symmetric convex set. If we know a priori that §* € K, we may
prefer a constrained least squares estimator 0IL(S defined by

L5 € argmin Y — %63
0eK
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Constrained Least Squares Estimator

Let K C R? be a symmetric convex set. If we know a priori that §* € K, we may
prefer a constrained least squares estimator HIL(S defined by

L5 € argmin Y — %63
0cK
And similarly,

I%OES — %072 < 2eTR(AES —6*) <2 sup (eT%0)
e K—K

where K — K = {z —y:x,y € K}.
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Constrained Least Squares Estimator

Let K C R? be a symmetric convex set. If we know a priori that §* € K, we may
prefer a constrained least squares estimator HIL(S defined by

L5 € argmin Y — %63
0eK

And similarly,

I%OES — %072 < 2eTR(AES —6*) <2 sup (eT%0)
e K—K

where K — K ={z —y:z,y € K}. If K is symmetric(z € K = —x € K) and
convex, then K — K = 2K so that
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Constrained Least Squares Estimator

Let K C R? be a symmetric convex set. If we know a priori that §* € K, we may
prefer a constrained least squares estimator HIL(S defined by

L5 € argmin Y — %63
0eK

And similarly,

I%OES — %072 < 2eTR(AES —6*) <2 sup (eT%0)
9eK—K
where K — K ={z —y:z,y € K}. If K is symmetric(z € K = —x € K) and
convex, then K — K = 2K so that

2 sup (eI'X0) =4 sup (eTv) ,
9 K—K veXK

————
a measure of the size of XK

where XK = {X60:0 € K} C R"™.
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¢, Constrained Least Squares

Theorem 8

Let K = B, be the unit ¢, ball of R?, d > 2 and assume that 6*. Moreover, assume
the conditions of Theorem 6 and that the columns of X are normalized in such a way
that max ||X;|l, < y/n. Then the constrained least squares estimator 9%;5 satisfies

J

1 ~ . logd
E [MSE(X05%)] = ;[Euxegf — X3S o =

Moreover, for any § > 0, with probability 1 — J, it holds

MSE(X0%5) < o log(d/0)
i n

d
> Blz{xeﬂ?d:Z]azAél}.
i=1
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Proof of Theorem 8.
From the considerations preceding the theorem, we got that

|X0%S — %62 < 4 sup (eTv)Q
! vEXK
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Proof of Theorem 8.
From the considerations preceding the theorem, we got that

||X§2Lgf — X0*|3 < 4 sup (eTv)2
vEXK

Note that K = B, = conv({e;,—e€y,...,e4,—€,}) and
XK C Py 2 conv{%,, =%y, ..., %Ay, —%,}.

Therefore, ,

HX@%S — X0*|3 < 4 sup (eTv)2 <4 sup (eTv)
! vEXK vEPy
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Proof of Theorem 8.
From the considerations preceding the theorem, we got that

||X§2Lgf — X0*|3 < 4 sup (eTv)2.
vEXK

Note that K = B, = conv({e;,—e€y,...,e4,—€,}) and
XK C Py 2 conv{%,, =%y, ..., %Ay, —%,}.

Therefore, ,

HX@%S — X0*|3 < 4 sup (eTv)2 <4 sup (eTv)".
! vEXK vEPy
Since € ~ subG,,(0*), then for any column X; such that ||X,], < y/n, the random
variable €”X; ~ subG(no?) and so does —e” X; ~ subG(no?) (Show by
Yourself). O
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Proof of Theorem 8. )
Applying Theorem 5, we get the bound on E[MSE(X0L%)]:

~ 4 4 2log2d
E[MSE(X0L%)] < —E[sup eTv] < EU\/ﬁ\/Qlode =404/ O:f .

N wePy
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Proof of Theorem 8. )
Applying Theorem 5, we get the bound on E[MSE(X0L%)]:

~ 4 4 2log2d
E[MSE(X0L%)] < —E[sup eTv] < EU\/ﬁ\/Qlode =404/ O:f .

N wePy

And for any ¢ > 0,

P (MSE(X@%{S)) > t) <P (sup (eTw) > nt/4> < 2de 3207

veEPy

To conclude the proof, we find ¢ such that

3202 2d
log —

0

n2
2de 3207 < § o 2 >
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¢, constrained least squares
Define the ¢, (pseudo) norm of vector § € R¢ as

d

160 = Z]l(ej #0).

Jj=1

A vector with “small” £, norm is called a sparse vector. More precisely, 6 is a
k-sparse vector if |0, < k.
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¢, constrained least squares
Define the ¢, (pseudo) norm of vector § € R¢ as

d

160 = Z]l(ej #0).

Jj=1

A vector with “small” £, norm is called a sparse vector. More precisely, 6 is a
k-sparse vector if |0, < k.

The support of 6 is defined as
supp(0) = {j € {1,...,d} : 0; # 0},
and |0, = card(supp(0)) := [supp(0)|.
d
li 017 =10|,-
Jim 321631 = 19l
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¢, constrained least squares

Denote B (k) the £, ball of R i.e., the set of k-sparse, defined by

By(k) = {0 € R 0]l < k}.
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¢, constrained least squares

Denote B (k) the £, ball of R i.e., the set of k-sparse, defined by

By(k) = {0 € R?: 0]y < K}

Theorem 9

Fix a positive integer k < d/2. Let K = B,(k) be set of k-sparse vectors of R? and
assume that 0* € B (k). Moreover, assume the conditions of Theorem 7. Then, for
any § > 0, with probability 1 — ¢, it holds

o’k o2

~ o? d
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Proof of Theorem 9.
Similar to the proof of Theorem 7, we get
eTR(OLS — 07)

||X(9§{S _ XQ*H% < 2€TX(€kS — 9*) = 2“}{9%(3 _ XG*H2 HX@LS XH*H
K 2

High-Dimensional Data Analysis by Weiwen Wang 25/86



Proof of Theorem 9.
Similar to the proof of Theorem 7, we get

eTR(OLS — 07)

ORS — 0" < 26RO — ) = 2MBRS — 0"
K 2

Since both éﬁs and 0" are in B (k), we have é%{s — 0% € By(2k).
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Proof of Theorem 9.
Similar to the proof of Theorem 7, we get

5 5 - TROL — 07)
|ROLS — %073 < 2eTR(OL5 — 0°) = 2| ROLS — RO*|y— L=

[R0% — %6,
Since both éﬁs and 0" are in B (k), we have é%{s — 0% € By(2k).

Forany S C {1,...,d}, let Xg the n x |S| submatrix of X that is obtained from the
column of X;, j € S of X. Denote by rg < |[S| the rank of X5 and let
Py =[¢,...,¢,.] € R""S be an orthonormal basis of the column span of Xg.
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Proof of Theorem 9.
Similar to the proof of Theorem 7, we get
R R R TX éLS —H*
|%0L5 — %0%|3 < 2eTR(0%5 — 0°) = 2| XOL5 — xe*H;A;SK—)
1RO — 6%
Since both éﬁs and 0" are in B (k), we have é%{s — 0% € By(2k).

Forany S C {1,...,d}, let Xg the n x |S| submatrix of X that is obtained from the
column of X;, j € S of X. Denote by rg < |[S| the rank of X5 and let
Py =[¢,...,¢,.] € R""S be an orthonormal basis of the column span of Xg.

Moreover, for any 6 € R%, define 6(S) € R'S! be the vector with coordinates 0,
JeS. O
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Proof of Theorem 9. )
Denote by S = supp(6%° — 6%), we have |S| < 2k and there exists v € R"s such that

X5 — 07) = 5 (0%5(S) — 0%(5)) = Dgv.
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Proof of Theorem 9. )
Denote by S = supp(6%° — 6%), we have |S| < 2k and there exists v € R"s such that

X5 — 07) = 5 (0%5(S) — 0%(5)) = Dgv.
Therefore,

TX éLS — o GTCI) %
€ A( K ) = S < max sup [6T<I>S]u: max sup [GT@S}%
1RO —64),  IWl2 T Isi<2k eps I51=2F yepys

where the last equality comes from the fact the RIS! is the subspace of R?* if |S| < 2k
and B,° is the unit ball of R"s.
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Proof of Theorem 9. )
Denote by S = supp(6%° — 6%), we have |S| < 2k and there exists v € R"s such that

X5 — 07) = 5 (0%5(S) — 0%(5)) = Dgv.
Therefore,

TX éLS — o GTCI) %
€ A( K ) = S < max sup [6T<I>S]u: max sup [GT@S}%
1RO —64),  IWl2 T Isi<2k eps I51=2F yepys

where the last equality comes from the fact the RIS! is the subspace of R?* if |S| < 2k
and B,° is the unit ball of R™s. It yields

|%0LS — %62 < 4 max sup (£7u)?,
|S|=2k ueByS

€s = Pge ~ subG, (o). O
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Proof of Theorem 9.
Using a union bound, we get for any ¢t > 0,

P | max sup (fu)?2>t| < Pl sup ( 2>t
(Sl 2k eBr3< ) Z (uezz 55 Y

|S|=2k

It follows from the proof of Theorem 4 that for any |S| = 2k,

P ( sup (€T'u)? > t) < 62k€7ﬁ, vt > 0.

ueB,S
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Proof of Theorem 9.

Putting together, for any ¢ > 0,

) 4
P(MSE(X0L%) > t) < P(— max sup (e7

and

u)* > )
n |S|=2k Egrs
Z P ( sup (€7u)? > nt/4>
1S|=2k  \u€B,°

d nt
< 2k o7 3202
= <2k>6 ‘

A 320 d 1
202 < - _
(2k>6 e 322 <Jt > - log o +2klog(6)—|—log5
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For any integers 1 < k < n, it holds

(1) =()"
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Lemma 10
For any integers 1 < k < n, it holds

Proof.
Show by in induction and note that (1 + %)k <e. O
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¢, constrained least squares

Corollary 11

Under the assumption of Theorem 9, for any ¢ > 0, with probability 1 — 4, it holds

~ o’k ed o’k o
MSE(X05,)) <~ log <2k> + T 10g(6) + Z-1og(1/9).
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¢, constrained least squares

Corollary 12

Under the assumption of Theorem 9,

~ o’k ed
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Proof of Corollary 12.
Forany H >0

E [MSE(X055%,)] = / P(|X0%L5 — X6*| > nt)dt
0

H oo
_ / P(IXOLS — %6*| > nt)dt + / P(IXGLS — %6*| > nt)dt
0 H
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Proof of Corollary 12.
Forany H >0

E [MSE(X055%,)] = / P(|X0%L5 — X6*| > nt)dt
0
H R oo R
= / P(|R0L5 — %0*| > nt)dt + / P(|XO%5 — X6*|| > nt)dt
0

H

<H+ / P(IXOLS — 67| > n(é + H))dé
0
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Proof of Corollary 12.
Forany H >0

E [MSE(X055%,)] = / P(|X0%L5 — X6*| > nt)dt
0
H R oo R
= / P(|R0L5 — %0*| > nt)dt + / P(|XO%5 — X6*|| > nt)dt
0

H

<H+ / P(IXOLS — 67| > n(é + H))dé
0

d O erm
s (e [

where the second inequality comes from the proof of Theorem []
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Proof of Corollary 12.
Take H such that

d\ o —nt
3202 = 1.
(2k)6 e

It yields
2
H < 7 K log (ed) ,

which completes the proof.
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The Gaussian Sequence Model

The Gaussian sequence model is as follows:
Y, =0 +¢, i=1,..,d (Gaussian Sequence Model)

where €, ..., €, are i.i.d N(0,0?) random variables. The goal here is to estimate the
unknown vector 6*.
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The Gaussian Sequence Model

The Gaussian sequence model is as follows:
Y, =0 +¢, i=1,..,d (Gaussian Sequence Model)

where €, ..., €, are i.i.d N(0,0?) random variables. The goal here is to estimate the
unknown vector 6*.

Note that (Gaussian Sequence Model) is a special case of the fixed design
(Linear Model) with n = d, and X = I,.
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The sub-Gaussian Sequence Model

Assumption ORT

The design matrix satisfies

where I, denotes the identity matrix of RY.
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The sub-Gaussian Sequence Model

Assumption ORT

The design matrix satisfies

-7,

n

where I, denotes the identity matrix of RY.

P Assumption ORT allows for cases where d < n but not d > n (high dimensional
case) due to rank constraint. (rank(x%x) =d < min{d,n})

P The d columns of X are orthogonal in R™ and all have norm /n.
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The sub-Gaussian Sequence Model
Under Assumption ORT, it follows from (Linear Model) that

1 XTx
y:=—XTY = ——¢ + XT
n n

=0 +¢,

where £ = (&, ...,&,) ~ subG,(0?/n).
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The sub-Gaussian Sequence Model
Under Assumption ORT, it follows from (Linear Model) that

1 XTx
y:=—XTY ="——¢+ XT
n n
=0"+¢,

where £ = (&, ...,&,) ~ subG,(0?/n).

Under Assumption ORT,

P The Linear Model is equivalent to the sub-Gaussian Sequence Model Gaussian
Sequence Model up a transformation of the data Y and a change of variable for
the variance.

P For any 0 c R?,
XTX

n

MSE(X0) = (6 — 0*)T=——(0 — 6*) = |0 — 0|3
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The sub-Gaussian Sequence Model
For any § € R% Assumption ORT yields,

1
ly =01z = | -%"Y — 0]3
2 27 L o ryyr
= 0]z — =07 XY + S Y XXTY
1 " 5 " 1 (Equivalence to LSE)
= —[|X0|I2 — = (X)TY + = |Y||3
X013 — = (X0)"Y + ~|Y[3+Q
1
= —|Y —%9]3 + Q,
n
where @ is a constant that does not depend on ¢ and is defined by
1 L oot Lo
Q=5 = YT — Y[
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The sub-Gaussian Sequence Model
For any § € R% Assumption ORT yields,

1
ly =01z = | -%"Y — 0]3

2 1
=65 — =0T XY + SYTRXTY
1 " 5 " 1 (Equivalence to LSE)
= — %013 — ~(X0)TY + —|Y]3 + Q
n n n

1
=~y - %03 +Q,

where @ is a constant that does not depend on ¢ and is defined by

1 L rour 1o
Q=5 = ¥YTRY V3
This implies that the least squares estimator LS is equal to y (By the optimal
condition).

High-Dimensional Data Analysis by Weiwen Wang 37/86



The sub-Gaussian Sequence Model

The preceding discussion to be summarized by a sightly more general model called
sub — Gaussian sequence model:

y=0"+¢ €R? (Sub-Gaussian Sequence Model)

where & ~ subG,(a?/n).
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The sub-Gaussian Sequence Model

The preceding discussion to be summarized by a sightly more general model called
sub — Gaussian sequence model:

y=0"+¢ €R? (Sub-Gaussian Sequence Model)

where & ~ subG,(a?/n).

P We define this model independently of Assumption ORT and thus for any values
of n and d.
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Sparsity Adaptive Thresholding Estimators

If we knew a prior that 6 was k sparse, we could employ directly Corollary 11 to obtain
that with probability 1 — J, we have

o’k d
MSE(XGL (k)) < C’(;— log <;k> (¢, constraint estimator with known sparsity)
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Sparsity Adaptive Thresholding Estimators

Assume the (Sub-Gaussian Sequence Model). If nothing is known about 6, it is
natural to estimate it using the least squares estimator #2° = y. In this case,

ALS |2 o’d
MSE(XG"%) = |y — 0°[3 = &l < 5~

where the last inequality holds with probability at least 1 — §. It is consistent with
(¢, constraint estimator with known sparsity) if & = Cd for some positive constant
C<1.
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Sparsity Adaptive Thresholding Estimators

Assume the (Sub-Gaussian Sequence Model). If nothing is known about 6, it is
natural to estimate it using the least squares estimator #2° = y. In this case,

ALS |2 o’d
MSE(XG"%) = |y — 0°[3 = &l < 5~

where the last inequality holds with probability at least 1 — §. It is consistent with
(¢, constraint estimator with known sparsity) if & = Cd for some positive constant

C<1.

However, this approach does not use the fact that £ may be much smaller than d,
which happens when 6* has many zero coordinate.
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Sparsity Adaptive Thresholding Estimators

If 67 =0, then, y; = ¢;, a sub-Gaussian variable with variance proxy o?/n. In
particular, we know that with probability at least 1 — 9§,

El<o 21og(2/9) .
n
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Sparsity Adaptive Thresholding Estimators

If 67 =0, then, y; = ¢;, a sub-Gaussian variable with variance proxy o?/n. In
particular, we know that with probability at least 1 — 9§,

El<o 21og(2/9) .
n

The consequences of this inequality are interesting:

P If we observe |y;| > 7, then it must correspond to 6 # 0.
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Sparsity Adaptive Thresholding Estimators

If 67 =0, then, y; = ¢;, a sub-Gaussian variable with variance proxy o?/n. In
particular, we know that with probability at least 1 — 9§,

&l <o 2108(2/9) logf/é) =

The consequences of this inequality are interesting:
P If we observe |y;| > 7, then it must correspond to 6 # 0.

> If \y7\ < 7 is smaller, then ¢; cannot be very large. By the triangle
07 < ly;l + 1€;] < 27. Therefore, we loose at most 27 by

inequality,
choosing 9‘ =0.
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Sparsity Adaptive Thresholding Estimators

If 67 =0, then, y; = ¢;, a sub-Gaussian variable with variance proxy o?/n. In
particular, we know that with probability at least 1 — 4,

‘fj’gg 21%(2/6)2

The consequences of this inequality are interesting:
P If we observe |y;| > 7, then it must correspond to 6 # 0.

> If |y ‘Jy‘ < 7 is smaller, then 0% cannot be very large. By the triangle
07 < ly;l + 1€;] < 27. Therefore, we loose at most 27 by

inequality,
choosing 9‘ =0.
Such observations lead us to consider the hard thresholding estimator.
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Sparsity Adaptive Thresholding Estimators

Definition 13 (Hard Thresholding Estimator)
The hard thresholding estimator with threshold 27 > 0 is denoted by 6% and has

coordinates
jiEn _ Y, if \yj\ > 27,
/ 0 if |y, < 27,

for j=1,...,d. In short, we can write é;‘RD =y, 1(ly;| > 27)
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Sparsity Adaptive Thresholding Estimators

Definition 13 (Hard Thresholding Estimator)
The hard thresholding estimator with threshold 27 > 0 is denoted by 6% and has
coordinates
jiEn _ Y, if ly,;| > 27,
/ 0 if |y, < 27,
o te OHRD _
for j=1,...,d. In short, we can write 05*° = y,1(|y;| > 27)

For each individual §;, the inequality

21og(2/0)

1<
] < oy =5

holds with prob. at least 1 — 4.

For the hard thresholding estimator, we should consider 7 such that [£;| < 7 holds
simultaneously for all j, which can be achieved by controlling the maxima.
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Sparsity Adaptive Thresholding Estimators

By the inequality of suprema of sub-Gaussian variables, we have

/2log(2d /6
max || <o 2log(2d/9) holds with prob. at least 1 — §.
1<5<d n

It yields the following theorem.
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Sparsity Adaptive Thresholding Estimators

Theorem 14

Consider the (Linear Model) under the Assumption (ORT) or, equivalently, the
(Sub-Gaussian Sequence Model). Then the hard thresholding estimator 6" with

threshold
/2 log(2
21 = 20 705;’( 4
n

enjoys the following two properties on the same event A4 such that P(A) > 1 —¢:
(1) If[6llo = . lon(od/s
MSE(X§HRD> _ ”éHRD — 0|2 < 02 og(2d/ )
n
(2) If min > 37, then
Jj€supp(6*)

supp(0**) = supp(6").
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Proof of Theorem 14.
Define the event

= fopei =)

and by the inequality of maxima of sub-Gaussian variables P(A) > 1 —4.
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Proof of Theorem 14.
Define the event

= fopei =)

and by the inequality of maxima of sub-Gaussian variables P(A) > 1 —4. On the event
A, the following holds for any j =1, ...,d. First, observe that

ly;| > 27 = (07| > [y;| = &1 > 7 (&)

and
ly;| <21 = ‘9;‘| <y, + ‘fj‘ < 37. (W)
[
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Proof of Theorem 14.
It yields

07 — 01 1y, — 03[ > 20) + 185181y, < 27)
< 71(ly,] > 27) + 165|1(ly;] < 27)
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Proof of Theorem 14.
It yields

8% — 03] = ly; — 051113, > 27) + [65]1(Jy; | < 27)
< 71(ly,] > 27) + 165|1(ly;] < 27)
<7165 > 7) + 6165 < 37) by () and (4)
< 4min([03], 7). (Check by Yourself)
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Proof of Theorem 14.
It yields

07 — 01 1y, — 03[ > 20) + 185181y, < 27)
< 71(ly,] > 27) + 165|1(ly;] < 27)

< T(163] > 7) + |63[a(163] < 37) by (&) and (4)
< 4min([03], 7). (Check by Yourself)
It yields ) A
HHHRD o 9*”% _ Z 6d’9HRD o 9;|2
j=1
d
<16 ) min(|6;]?,7%) < 16]6],7>.
j=1
This complete the proof of (1). O
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Proof of Theorem 14.
To prove (2), note that if 0% # 0, then 07| > 37. It yields

ly;| = 105 + &l > 105 — |§]| > 37 — 7 = 27.

Therefore é‘;RD #+ 0 so that supp(#*) C Supp(éHRD)_
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Proof of Theorem 14.
To prove (2), note that if 0% # 0, then 07| > 37. It yields

ly;| =105 +&| > [05] — [€] > 37 — 7 = 27.
Therefore é‘;RD #+ 0 so that supp(#*) C Supp(éHRD)_
NeXt’ If G?RD # Ov then ‘QHRD| - |y]| > 2T. It y|6|dS
03] =y, — &l > 21 —7 > 7.

Therefore, 07| # 0 and supp(H*®) C supp(6*).
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Proof of Theorem 14.
To prove (2), note that if 0% # 0, then 07| > 37. It yields

ly;| =105 +&| > [05] — [€] > 37 — 7 = 27.
Therefore é‘;RD - 0 so that supp(#*) C supp(6%P).
Next, if é;-‘RD £ 0, then |6H%°| = ly;| > 27. It yields
03] =y, — &l > 21 —7 > 7.
Therefore, 07| # 0 and supp(H*®) C supp(6*).

Hence, it concludes that supp(6%%°) = supp(6*) O
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Sparsity Adaptive Thresholding Estimators

Similar results can be obtained for the soft thresholding estimator 5FT defined by

y; — 27 if y; > 27,
éjsFT =<y +2r  ify; <27,
0 if ly;| <2,

~ 2T
SFT )
% (1 \y\) )
It

In short, we can write
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The BIC and Lasso Estimators

It can be shown that the hard and soft thresholding estimators are solutions of the
following penalized empirical risk minimization problems:

0" = arg min {[y — 03 + 47°]60] }
0cRd

05T = argmin {||y — 0|3 + 47]6]; }
OcRd
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The BIC and Lasso Estimators

In view of (Equivalence to LSE), under the Assumption ORT, the variational
definitions can be written as

N 1
G _ aro min {n”Y _ X0+ 472\19\10}

~ 1
F5FT — arg min {ﬁny — X602 + 47\19\11}
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The BIC and Lasso Estimators

Definition 15

Fix 7 > 0 and assume (Linear Model). The BIC(Bayes Information Criterion) estimator
of 6* in is defined by an B¢ such that

0P™C ¢ arg min {HY X6|3 + TQHQHO}
OeR4

Moreover the Lasso estimator of 8* in is defined by any 6% such that

f< € argmin {HY X6|3 + 27“0”1}
feRd
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The BIC and Lasso Estimators

Computing the BIC estimator can be proved to be NP-hard in the worst case. In
particular, no computational method is known to be significantly faster than the brute
force search among all 2¢ sparsity patterns.

1 1
min {—HY — Y02 + r2||9||0} I — { min ~[Y — 6|2 + T2uouo}
gerd | n 0<k<d | 0:16]o=k 10
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The BIC and Lasso Estimators

Computing the BIC estimator can be proved to be NP-hard in the worst case. In
particular, no computational method is known to be significantly faster than the brute
force search among all 2¢ sparsity patterns.

1 1
min {—HY — Y02 + r2||9||0} I — { min ~[Y — 6|2 + ﬂyouo}
gerd | n 0<k<d | 0:16]o=k 10

To compute . ﬁ‘in L]y — %6|3, we need to compute (Z) least squares estimators on a
: O:k;
space of size k. Each costs O(k3)(matrix inverstion).
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The BIC and Lasso Estimators

Computing the BIC estimator can be proved to be NP-hard in the worst case. In
particular, no computational method is known to be significantly faster than the brute
force search among all 2¢ sparsity patterns.

mm{—HY x9\12+r2||9||0} — min { min L[y — x9||2+72uouo}

6eR? 0<k<d | 6:16]o=k M

To compute ﬁln L]y — %6|3, we need to compute (Z) least squares estimators on a
space of size k. Each costs O(k?)(matrix inverstion).Therefore, the total cost of the

brute force search is .
C’Z ( ) O(d32%).
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The BIC and Lasso Estimators

Solvers for the Lasso estimator:
P Coordinate gradient descent implemented in the glmnet in R.

P LARS that computes the entire regularization path, i.e., the solution of the convex
problem for all value of 7. It relies on the fact that, as a function of 7, the
solution 6% is a piecewise linear function (with values in R%.) LARS is slow for
very large problem.

> FISTA.

P Stochastic gradient descent for very large d and very large n when computing
|Y — %6|3 may be computationally expensive.
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Analysis of the BIC estimator

Theorem 16

Assume that the (Linear Model) holds such that € ~ subG,, (02). Then, then BIC
estimator #%I€ with regularization parameter

o? o2 log(ed)

2= 1610g(6); + 32 (»)

n

satisfies

j L i log(ed/§
MSE(X6PIC) = —||X6BIC — X6*|2 < ||9*||002M
n n

with probability at least 1 — 4.
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Analysis of the BIC estimator

Theorem 16

Assume that the (Linear Model) holds such that € ~ subG,, (02). Then, then BIC

estimator 681¢ with regularization parameter
2 2 1 d
T2 = 1610g(6)0— + 32% (W)
n n
satisfies

j L i log(ed/§
MSE(X6PIC) = —||X6BIC — X6*|2 < ||9*||002M
n n

with probability at least 1 — 4.

» The theorem shows that gBIc adapts to the unknown sparsity of 6%, just
like "', And it holds under no assumption on the design matrix X.
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Proof of Theorem 16.
We begin as usual by noting that

1 - . 1 . o1 .
Y = ROTES + 20y < Y = RO75 + 700" o < —ell3 + 72107
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Proof of Theorem 16.
We begin as usual by noting that

1 - . 1 . o1 .
Y = ROTES + 20y < Y = RO75 + 700" o < —ell3 + 72107

It implies

[%GPTC — %6" |3 < nr2|9% g + 2T RGP — 67) — 767
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Proof of Theorem 16.
First, note that

XOPIC — %"
[%éPre — %6" 3

g | (RO 2
N |%8Pre — %63

where we used the inequality 2ab = 2(v/2a - %b) < 2a% + b7

%UX@E—XW)Z%T( )\x@m—xmb

2
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Proof of Theorem 16.
First, note that

XOPIC — %"
[%éPre — %6" 3

g | (RO 2
N |%8Pre — %63

where we used the inequality 2ab = 2(v/2a - %b) < 2a% + b7

26T (XOPC — %0*) = 2T ( ) %GBS — %6,

2
1. =
+ 5% — %03

Putting together, it yields
- . 2 .
| R657¢ — 0" 3 < 2n72(6%g + 4 [e72U (6P — 0°)] " — 2072|061 (%)

OBIC _ p*\ _ _XOPC_xo* =
where U (6 0%) = TUCRTEER
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Proof of Theorem 16.
Next, we need to “sup out” 6¥I€. To that end, we decompose the sup into a max over
cardinalities as follows:

Sup = max max sup
geRrd  1<k<d|S|=k supp(0)=5
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Proof of Theorem 16.

Next, we need to “sup out” @BI°. To that end, we decompose the sup into a max over

cardinalities as follows:
SuUp = max max sup
0cRd 1<k<d |S|=k supp(9)=5

Applied to the above inequality, it yields
~ 2 -
4 [eTU (0P — )] — 2n72| 6P|,

< max { max sup 4[eTU(H— 9*)]2 —2n72k
1<k<d | [S|=Fk supp(0)=S
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Proof of Theorem 16.

Next, we need to “sup out” @BI°. To that end, we decompose the sup into a max over

cardinalities as follows:
SuUp = max max sup
0cRd 1<k<d |S|=k supp(9)=5

Applied to the above inequality, it yields
~ 2 -
4 [eTU (0P — )] — 2n72| 6P|,

< max { max sup 4[eTU(H— 9*)]2 —2n72k
1<k<d | [S|=Fk supp(0)=S

2
< max < max sup 4[6T<I>S*u] —2n7%k 3,
1<k<d | |S|=k _rs. ’
u€B,”’
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Proof of Theorem 16.

Next, we need to “sup out” @BI°. To that end, we decompose the sup into a max over

cardinalities as follows:

SUp = max max sup
OcRd 1<k<d|S|=k supp(0)=S

Applied to the above inequality, it yields

N 2 ~
4 [eTU (0P — )] — 2n72| 6P|,

< max { max sup 4[eTU(H— 9*)]2 —2n7%k
1<k<d | |S|= ksupp(@) S

2
< max < max sup 4[6 CDS*] —2n7%k 3,
1<k<d | |S=k s,
2

where ®g . = [¢y,..., ¢, ] is an orthonormal basis of the set {X;, j € S'U supp(0*)}
of columns of X and T‘S* <9+ 0% is the dimension of this column span. O
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Proof of Theorem 16.
Using the union bounds, we get for any ¢ > 0,

P (max {max sup 4 [ TCI>S *u] —2n72k} > t)
1<k<d | |S|=k

eg’"s*
: to1
S;Z S;lg*e <I>S7*u] Z+ —ntk
=1 = ue
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Proof of Theorem 16.

Moreover, from Theorem 4, we get for |S| = k,

t 1 t/4 k)2
P sup [GT(I)S *u]z > -+ “nrlk < 2.6"sx exp (_Hn;-/)
weBLS ’ 4 2 8o
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Proof of Theorem 16.

Moreover, from Theorem 4, we get for |S| = k,

t/4 2k /2
2k> P (_/+m/)

802

.-Jk\ﬂ
l\')\v—l

[P( sup [6T<I>S7*u]2 >

i
uGst’*

t m'2k
<2 — — “No) 1 rg, <8 *
< 2o (~ o3 — Joog + (b [T 08(0)) (1. <181+ 1671
<o (— 5 (cd) + 6"l og(12))
where, in the last inequality, we used the definition (&) of 7. O
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Proof of Theorem 16.
Putting together, we get

N * * t *
P (1XG%5C — X073 > 2n720y + 1) < exp (-3202 2k log(ed) + |6 ||010g(12)>

S
d t .
) exp (— 550z — 2hlog(ed) + 671 log(12))
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Proof of Theorem 16.
Putting together, we get

N * * t *
P (1XG%5C — X073 > 2n720y + 1) < exp (-3202 2k log(ed) + |6 ||010g(12)>

=k

S
d t .
) exp (— 550z — 2hlog(ed) + 671 log(12))

IN

1
M= I M-

@

t *
Xp (—@ — klog(ed) + [0, log(12)>

B
Il
-
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Proof of Theorem 16.
Putting together, we get

P ([ %651 — %6*|3 > 2n72]6%, +t) <

t
exp (— 55 — 2blog(ed) + |6°] log(12))

=k

S
d t .
) exp (— 550z — 2hlog(ed) + 671 log(12))

IN
@

t *
Xp (—@ — klog(ed) + [0, log(12)>

1= T IM= I

(ed)*exp (=55 + 1071 og(12))

i
I

t
< exp (— 55 + 19"l log(12))

@

High-Dimensional Data Analysis by Weiwen Wang 60/86



Proof of Theorem 16.
Putting together, we get

d
Z t
P (%671 — 6|3 > 2n726" ]y + 1) < 3 3 exp ( o (ed) + ”9*”01%(12))
k=1 |S|=k o
-3 (! t d) + 67|, log(12
- ; k P ( 3202 (ed) + 67 ]o Log( ))

where, in the third inequality, we apply (Z) < (¢). O
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Proof of Theorem 16.
To conclude the proof, choose t = 3252(0*||, log(12) + 3202 log(1/5) and observe that

combined with (&), it yields with probability 1 — o

| REPEC — %0%|3 < 2n72] 05 + ¢
= 6402 log(ed)|0* |, + 64 log(12)0?|0%|, + 320% log(1/d)
< 22460*||yo* log(ed) + 3202 log(1/6)

where we have used the definition (#) of 7.
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Slow rate for the Lasso estimator
Theorem 17

Assume that the (Linear Model) holds where ¢ ~ subG(c?). Moreover, assume that the
columns of X are normalized in such a way that max |[X;[, < \/n. Then, the Lasso estimator
j

6% with regularization parameter

o — o \/ZIOi(ed) o \/210g7§1/5) ©)

NSE(X09) = ~ X8 — X013 < 410"y 2D 4 gy 2EEL0)
n n -

with probability 1 — J. Moreover, there exists a numerical constant C' > 0 such that

satisfies

E[MSE(X6¢)] < C|¢"|,0

log(2d)
—
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Proof of Theorem 17.
From the definition of 8%, it holds

1 - - 1
Y = ROCI3 4 270, < — Y — 073 + 2767 1.
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Proof of Theorem 17.
From the definition of 8%, it holds

1 - - 1
Y = ROCI3 4 270, < — Y — 073 + 2767 1.

It implies

|26 — %6*3 < 26" K(0€ — 0%) + 2n7 (0" ], — [0<])
< 2 KT e 101, — 2nT0F ]y + 20X el 1671y + 2n7 6]
= 2([%T €] oo — nT)0] + 2(1% €l + 1) 6],

where the Holder's inequality is used. O
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Proof of Theorem 17.

Since max [ X[, < \/n, we have XT e ~ subG(no?).
J
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Proof of Theorem 17.
Since max [ X[, < y/n, we have XT ¢ ~ subG(no?). Observe now that for any ¢ > 0,
J

T _ T
P(IXT el > t) = P(max [xTe| > )
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Proof of Theorem 17.
Since max [ X[, < y/n, we have XT ¢ ~ subG(no?). Observe now that for any ¢ > 0,
J

P(IX el > 1) = P(max [XTe| > t)
<j<d

P(|XTel >t) (Union Bound)

MQ

Jj=1

t2
< 2d exp (—2 2)
no
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Proof of Theorem 17.
Since max [ X[, < y/n, we have XT ¢ ~ subG(no?). Observe now that for any ¢ > 0,
J

P(|XTe|, >t) = [P(max |X;‘»F6\ > t)
<j<d

P(|XTel >t) (Union Bound)

M&H

Jj=1

t2
< 2d exp (—2 2)
no

Therefore, taking t = 0v/2nlog(2d) + o+/2nlog(1/d) = nt, we get that with

probability 1 — 46,

|26 — X6*|3 < dn7]6"],.
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Proof of Theorem 17.
Let

Z = MSE(X0¥%) = er‘ X6*||3.
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Proof of Theorem 17.
Let

Z = MSE(X0¥%) = er‘ X6*||3.

From the high-probability bound, for any £ > 0,

2log(2d 2
P (z > ||9*||1a\/ﬂ + 4”9*”10,/5) < e
n n
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Proof of Theorem 17.
Let

Z = MSE(X0¥%) = er‘ X6*||3.

From the high-probability bound, for any £ > 0,

2log(2d 2
P(Zzwwpwog>+thm/f)ge%.
n n

2log(2 2
— o[22 ey
n n

P(Z > A+ B\¢) <e &

Define

Then
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Proof of Theorem 17.
Equivalently, for any ¢t > A,

P(Z >t) §eXP{_ <t—BA>2}
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Proof of Theorem 17.
Equivalently, for any ¢t > A,

P(Z >t) §eXP{_ <t—BA>2}

Hence, we obtain
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Proof of Theorem 17.
Substituting the definitions of A and B, we get

. 21 2d
Ese(x0 )] < |01 22220 1 2van ||0*||107

Since log(2d) > log 2, there exists a numerical constant C' > 0 such that

EMSE(xd4)] < O],y 2E20.
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Remark of Theorem 17

P The regularization parameter ({>) depends on the confidence level §, which is not
the case for the BIC estimator ().

P The rate in Theorem 17 is of order \/(log d)/n (slow rate), which is much slow
than the rate of order (log d)/n (fast rate) for the BIC estimator.

P> Fast rates can be achieved by the computationally efficient Lasso estimator but at
the cost of a much stronger condition on the design matrix.
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Remark of Theorem 17

P The regularization parameter ({>) depends on the confidence level §, which is not
the case for the BIC estimator ().

P The rate in Theorem 17 is of order \/(log d)/n (slow rate), which is much slow
than the rate of order (log d)/n (fast rate) for the BIC estimator.

P> Fast rates can be achieved by the computationally efficient Lasso estimator but at
the cost of a much stronger condition on the design matrix.

The BIC estimator uses an {;-type penalty, which directly penalizes
the number of selected variables and therefore exploits the
underlying sparsity structure more explicitly than the ¢; penalty.
Under suitable conditions, this sharper structural adaptation leads
to the fast rate (logd)/n, whereas the basic Lasso slow-rate analysis
only controls the maximal noise-covariate correlation and yields the

slower rate +/(logd)/n.
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Incoherence

Assumption INC(k)

We say that the design matrix X has incoherence k for some integer k£ > 0 if

o0

where the |A|_, denotes the largest element of A in absolute value. Equivalently,
1. Forall j=1,....,d,
X3
%8 .1
14k

n

2. Forall 1 <4,j<d, i j, we have

1
XK.
| il < 14k
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Remark of Assumption INC(k)
P Assumption ORT arises as the limiting case of INC(k) as k — oo.
P While Assumption ORT requires d < n, INC(k) may have d > n.
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Incoherence

Let X € R™*? be a random matrix with entries X ;,i =1,...,n,j = 1,...,d that are
i.i.d. Rademacher (+1) random variables. Then X has incoherence k with probability
1 — 6 as soon as

n > 392k? log(1/9) + 784k*log(d).

It implies that there exits matrices that satisfy Assumption INC(k) for
n = k?log(d),
for some numerical constant C'.

P There exists a matrix that satisfies INC(k) even for d > n.
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Proof of Proposition 2.
Let ¢; ; € {—1,1} denote the Rademacher random variable that is on the ith row and
jth column of X.
Note first that the jth diagonal entries of XTX/n is given by
1 n
— e =1

VA
Lt
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Proof of Proposition 2.

Let ¢; ; € {—1,1} denote the Rademacher random variable that is on the ith row and
jth column of X.

Note first that the jth diagonal entries of XTX/n is given by

1 n

— e?jzl.
K2

i

Moreover, for j # k, the (j, k)th entry of the d x d matrix 22X s given by

1 1 & ;
n Z €ij€ik = ; &,

i=1

where for each pair, (4, k), qu’m = €; j€; 1, SO that the random variables éﬂc), ,55{’“

are iid Rademacher variables. O
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Proof of Proposition 2.
Therefore, we get that for any t > 0,

P >0] =P | max
o J#k

3

XTx 1
— =1 —
n ’I’Ll.=1
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Proof of Proposition 2.
Therefore, we get that for any t > 0,

XTX 1<
na(_fd >o>:u>(max ggm>t)
n - A
1< ;
SE [P( 5?”” >t>
ik o=
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Proof of Proposition 2.
Therefore, we get that for any t > 0,

XT® RN
P (—Id >o> =P (max — N7 g0k >t>
n - itk |n =
1S k) :

< Z Pl|=)> & >t (Union bound)
ik gt

< 2267% (Hoeffding's inequality)
e

< d?e ",

where we use the fact that £7") ~ subG(12). O
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Proof of Proposition 2.
Taking now ¢t = 1/(14k) yields

{

n > 392k? log(1/9) + 784k*log(d).

XT R
KA |
n d

> ﬂik) < d26739;k2 <é

for
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Incoherence

For any § € R and S C {1,...,d}, define 4 to be the vector with coordinates

p 0; if j€.5,
§3 0 otherwise.

In particular [0]; =[5 + [0sc:-
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Incoherence

Fix a positive integer k < d and assume that X satisfies assumption INC(k). Then for
any S € {1,...,d} such that |S| < k and any § € R? that satisfies the cone condition

105l < 310511, (©)

it holds

X0
0 2 < 2” 2
Ios1 < 21Xk

High-Dimensional Data Analysis by Weiwen Wang 76/86



Proof of Lemma 18.
We have

= “Xes + KOs |3 = +20% Os: +
IX6sl3 W
Toon

16]3 HX95H2 KK 1%65l5
n n
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Proof of Lemma 18.
We have

X0|? 1 X0 XTX Xl |?
H nHZ _ ’|X95+X05c”2 _ H SH2 +20T 956 + H s HQ

T
N 16,1 X,
n

Moreover, from the incoherence condition, we have

%643 7 KT 5 (KTK
=0 Oce = |0 0L | — —1,10
" s, Us 1053 + O ” d|Ys

16
14k

> 6513 — (Check By Yourself)
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Proof of Lemma 18.
By the definition of 64 and g., we have 0 ;05. ; = 0. And then
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Proof of Lemma 18.
By the definition of 64 and g., we have 0 ;05. ; = 0. And then

d d XTX
226577, ( ) HSC,j

=1 j=1

XX
o5 ——0s.
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Proof of Lemma 18.
By the definition of 64 and g., we have 0 ;05. ; = 0. And then

XTX d d XTX
eT—eS = ZZ@S« O
=1 j=1
XTX
— %]: 052 T GSC,j
i#]j
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Proof of Lemma 18.
By the definition of 64 and g., we have 0 ;05. ; = 0. And then

XTX d d XTX
eT—eS = ZZ@S« O
=1 j=1
XTX
— %]: 052 T GSC,j
7]
< 105l 161,
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Proof of Lemma 18.
By the definition of 64 and g., we have 0 ;05. ; = 0. And then

XTX d d XTX
eT—eS = ZZ@S« O
=1 j=1
XTX
== %]: 052 T GSC,j
i#]j

< 105l 161,
< 1219 |605]2  (Lemma’s condition)
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Proof of Lemma 18.
Putting together,

X0|2 0|3 XTX
OIS, YOSl | e XT%,
n n n
042 6
> 102 — 107 - 0.2
> 6513 — L5 — — |63

1
= 0512 — ;19513
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Proof of Lemma 18.
Putting together,

X0|2 0|3 XTX
OIS, YOSl | e XT%,
n n n
042 6
> 102 — 107 - 0.2
> 6513 — L5 — — |63

1
= 0512 — ;19513

Since 04|17 < |9]|105]3 and |S| < k, we complete the proof.
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Theorem 19

Fix n > 2. Assume that the (Linear Model) holds where € ~ subG,, (c%). Moreover, assume
that ||0*|, < k and that X satisfies assumption INC(k). Then the Lasso estimator < with
regularization parameter defined by

n

satisfies

MSE(X9£ 7Hx05 xe*”% <k 2%

and

~ log(2
195 ] 5 ko B2/

with probability at least 1 — §. Moreover,

log(2d/0)

n

log(2d)
n

E[MSE(X0%)] < ko? . and E[|06—6],] sk
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Proof of Theorem lAQ.
From the definition of %,

1 N . 1
Y = X035 + 270, < — [V — R6%[ + 276"y
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Proof of Theorem lAQ.
From the definition of %,

1 N . 1
Y = X035 + 270, < — [V — R6%[ + 276"y

Multiplying both sides by n and similar to the proof of Theorem 17, we have

%64 — %6%|2 < 2eTR(% — 6%) + 2rn|6*|, — 2rn|67],
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Proof of Theorem lAQ.
From the definition of %,

LY = XG4 + 27104, < |Y — X6'I3 + 200"
Multiplying both sides by n and similar to the proof of Theorem 17, we have
%64 — %6"3 < 2eTR(6¢ — 6°) + 27m]0*], — 27n]§<]
And adding both sides n7||#< — 6%, yields
|26 — 26*(3 +n7]6F — 0°|, < 2eTR(BC — %) +n7|0F — 0% |, + 27n] 6], — 27n]6°],

O
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Proof of Theorem 19.
Applying Holder's inequality, we get

R(OF = 07) < |7 R |0° — 6]
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Proof of Theorem 19.
Applying Holder's inequality, we get

R(OF = 07) < |7 R |0° — 6]

By the assumption INC(k), we have |%,]3 < (137 + 1)n < 2n. And hence,
el k; ~ subG(2no?).
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Proof of Theorem 19.
Applying Holder's inequality, we get

R(OF = 07) < |7 R |0° — 6]

By the assumption INC(k), we have |%,]3 < (137 + 1)n < 2n. And hence,
el k; ~ subG(2no?).

Following the same steps in the proof of Theorem 19, we get
TR(G4 — ) < %Héﬁ — ;.
with probability at least 1 — 9. Ol
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Proof of Theorem 19.
Therefore, taking S = supp(6*) to be the support of 6*, we get

|26 — X6*|3 + n70 — 0%y < 207]6€ — %], + 2070, — 2n7]0°],
= 20705 + 05 — 0*]ly + 2n7]0" ], — 20705 + 05,
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Proof of Theorem 19.
Therefore, taking S = supp(6*) to be the support of 6*, we get

|26 — X6*|3 + n70 — 0%y < 207]6€ — %], + 2070, — 2n7]0°],
= 20705 + 05 — 0*]ly + 2n7]0" ], — 20705 + 05,

= 20705 — 0*|, + 2n7 0], — 20705 ],
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Proof of Theorem 19.
Therefore, taking S = supp(6*) to be the support of 6*, we get
|6 — %6%3 + n7|6° — 0°|, < 2n7]6% — 67|y + 2n7|6" |, — 2n7]67],
= 2n7)0§ + 05 — 0"y + 2n7]0" ], — 2n7(0§ + 0.,
= 2n7)0§ — 0|y + 2n7)6%], — 2n7)05],

< 4n7“§§ — 0%, (Triangle Inequality)

(1)
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Proof of Theorem 19.

Therefore, taking S = supp(6*) to be the support of 6*, we get

|6 — %6%3 + n7|6° — 0°|, < 2n7]6% — 67|y + 2n7|6" |, — 2n7]67],
= 2n7)0§ + 05 — 0"y + 2n7]0" ], — 2n7(0§ + 0.,
= 2n7)0§ — 0|y + 2n7)6%], — 2n7)05],

< 4n7“§§ — 0%, (Triangle Inequality)

(1)

Hence R R R
164 — 6], < 416§ —6*|, = 46§ — 05l -
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Proof of Theorem 19.
Therefore, taking S = supp(6*) to be the support of 6*, we get
|6 — %6%3 + n7|6° — 0°|, < 2n7]6% — 67|y + 2n7|6" |, — 2n7]67],
= 2n7)0§ + 05 — 0"y + 2n7]0" ], — 2n7(0§ + 0.,
= 2n7)0§ — 0|y + 2n7)6%], — 2n7)05],

< 4n7“§§ — 0%, (Triangle Inequality)

(1)
Hence R R R
16 — 0"l < 410§ —0*]l, = 410§ — O],
Subtracting both sides by |05 — 6%, yields
105 — 0511 < 3165 — 05l
L]
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Proof of Theorem 19.
So that 6 = 6% — 0" satisfies the cone condition (). Using the Cauchy-Schwartz
inequality and Lemma 18 respectively, we get since |S| < k,

~ ~ 2k~
02 — 6], < VB4 — ], < \Fnuxeﬁ _xerl,
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Proof of Theorem 19.
So that 6 = 6% — 0" satisfies the cone condition (). Using the Cauchy-Schwartz
inequality and Lemma 18 respectively, we get since |S| < k,

~ ~ 2k~
02 — 6], < VB4 — ], < \Fnuxeﬁ _xerl,

Combing this result with (}), we find

~ A A 2k, ~
|20 — R0*[3 < R0 — RO*[5 + nT]0€ — 0°], < An7y| —[ROC — R0",,
n

and therefore R
IX6% — %0%|3 < 32nkT2.
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Proof of Theorem 19.

Moreover, it yields
- 2% -~
nt)|0¢ — 0%, < dnT\| —|XO° — X6*|,
n

~ 2k~
16 — 6%y < 44/ — [0 — %67,
n

2k
<44/ ;v 32nkt? = 32kT.

and
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Proof of Theorem 19.

Moreover, it yields
. 2% -
nt]|0¢ — 0%, < 4nty/ ;HXGﬁ — X6*|,

R 2% -
96— ), < 4/ e — o,
2k
<Ay —V32nkt? = 32kT.
n

The bound in expectation follows using the same argument as in the proof of Corollary
12. Ol

and
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Remark on the Proof of Theorem 19
Note that all required for the proof was not really incoherence but the conclusion of
Lemma 18

|63
inf in > >
1S|<k 0eCs n|0g|3

K, (Restrict Eigenvalue Condition)

where r = 3 and Cg is the cone defined by

Cs = {l0sc1 <3051}

High-Dimensional Data Analysis by Weiwen Wang 86/86



Remark on the Proof of Theorem 19
Note that all required for the proof was not really incoherence but the conclusion of

Lemma 18 )
o %03

nf in Restrict Eigenvalue Condition
Sl<k oeCs n]0g)2 = ( & )

where r = 3 and Cg is the cone defined by

Cs = {l0sc1 <3051}

Note that all k-sparse vectors 6 are in a cone Cg with |S| < k so that the
(Restrict Eigenvalue Condition) implies that the smallest eigenvalue of Xg satisfies
Amin(Xg) = nk for all S such that |S| < k.
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Remark on the Proof of Theorem 19
Note that all required for the proof was not really incoherence but the conclusion of
Lemma 18

|63

nf in Restrict Eigenvalue Condition
Sl<k oeCs n]0g)2 = ( & )

where r = 3 and Cg is the cone defined by

Cs = {l0sc1 <3051}

Note that all k-sparse vectors 6 are in a cone Cg with |S| < k so that the
(Restrict Eigenvalue Condition) implies that the smallest eigenvalue of Xg satisfies
Amin(Xg) = nk for all S such that |S| < k.

The (Restrict Eigenvalue Condition) is weaker than the coherence and it can be shown
that a design matrix X of i.i.d Rademacher random variables satisfies the
(Restrict Eigenvalue Condition) as soon as n > Cklog(d) with positive probability.
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