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Bregman

Bregman

(Mirror
Descent)

min
x∈Rd

f (x)

s.t. x ∈C

1
(1) f ;

(2) C C⊆ int(dom f );

(3) X∗ ≜ argmin
x∈C

f (x) , f∗;
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Bregman

Bregman

(Mirror
Descent)xk+1 =ΠC(xk −γkgk) gk ∈ ∂f (xk) gk =∇f (xk).

= argmin
x∈C

‖x− (xk −γkgk)‖2
2

= argmin
x∈C

1
2γk

‖x− (xk −γkgk)‖2
2

= argmin
x∈C

f (xk)+〈gk,x−xk〉︸ ︷︷ ︸
f (x)

+ 1
2γk

‖x−xk‖2
2︸ ︷︷ ︸+Const

= argmin
x∈C

{
〈gk,x〉+ 1

2γk
‖x−xk‖2

2

}
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Bregman

Bregman

(Mirror
Descent)

xk+1 = argmin
x∈C

{
〈gk,x〉+ 1

2γk
dist2

C(x,xk)

}
.
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Bregman

Bregman

(Mirror
Descent)

Bregman

2
φ , C⊆ dom (φ), φ C ,

Bregman

Bφ(x,y)=φ(x)−φ(y)−〈∇φ(y),x−y〉 ∀x,y ∈C.

Bregman

Bφ(x,y)=Bφ(y,x) ;

.
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Bregman

Bregman

(Mirror
Descent)

Bregman Bregman

3
φ ‖ ·‖ µ- ,

(a) Bφ(x,y)≥ µ
2‖x−y‖2;

(b) Bφ(x,y)≥ 0;

(c) Bφ(x,y)= 0 iff. x= y.
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Bregman

Bregman

(Mirror
Descent)

Bregman Bregman

.
a.

φ(x)≥φ(y)+〈∇φ(y),x−y〉+ µ

2
‖x−y‖2

φ(x)−φ(y)−〈∇φ(y),x−y〉 ≥ µ

2
‖x−y‖2

Bφ(x,y)≥ µ
2 ‖x−y‖2.

b c a .
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Bregman

Bregman

(Mirror
Descent)

Bregman Bregman

4 ( )
∀x,y,z ∈ dom φ,

Bφ(x,z)=Bφ(x,y)+Bφ(y,z)−〈∇φ(z)−∇φ(y),x−y〉

Weiwen Wang( ) ( ) 2025 5 20 9 / 35



Bregman

Bregman

(Mirror
Descent)

Bregman Bregman

.
Bregman

Bφ(x,y)=φ(x)−φ(y)−〈∇φ(y),x−y〉

Bφ(y,z)=φ(y)−φ(z)−〈∇φ(z),y−z〉

Bφ(x,y)+Bφ(y,z)

Bφ(x,y)+Bφ(y,z)=φ(x)−φ(z)−〈∇φ(y),x−y〉−〈∇φ(z),y−z〉
=φ(x)−φ(z)−〈∇φ(y),x−y〉−〈∇φ(z),x−z− (x−y)〉
=Bφ(x,z)+〈∇φ(z)−∇φ(y),x−y〉.

Bφ(x,z)=Bφ(x,y)+Bφ(y,z)−〈∇φ(z)−∇φ(y),x−y〉
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

xk+1 = argmin
x∈C

{
〈gk,x〉+ 1

2γk
dist2

C(x,xk)

}
.

1
2dist2

C(x,xk)≜Bφ(x,xk)

xk+1 = argmin
x∈C

{
〈gk,x〉+ 1

γk
Bφ(x,xk)

}
.

= argmin
x∈C

{
〈γkgk,x〉+Bφ(x,xk)

}
= argmin

x∈C

{〈γkgk −∇φ(xk),x〉+φ(x)
}

gk ∈ ∂f (xk) gk =∇f (xk)
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

5
φ µ- ,

xk+1 = argmin
x∈C

{〈γkgk −∇φ(xk),x〉+φ(x)
}

gk ∈ ∂f (xk) gk =∇f (xk)

, xk+1 .
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

ℓ2- , φ(x)= 1
2‖x‖2

2, φ(x) 1- ,
∇φ(x)= x.

Bφ(x,y)= 1
2
‖x‖2

2 −
1
2
‖y‖2

2 −〈y,x−y〉

= 1
2
‖x‖2

2 +
1
2
‖y‖2

2 −〈x,y〉

= 1
2
‖x−y‖2

2

xk+1 = argmin
x∈C

{
〈γkgk −xk,x〉+ 1

2
‖x‖2

2

}
= argmin

x∈C

{
1
2
‖x− (xk −γkgk)‖2

2 +Const
}

=ΠC
(
x− (xk −γkgk)

)
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

ℓ1 , C≜∆d, φ(x)=
d∑

i=1
xi lnxi, 0 · ln0= 0, φ(x)

ℓ1 1- .

∆+
d =

{
x ∈Rd :

d∑
i=1

xi = 1,xi > 0, i ∈ [d]

}

∇φ(y)= (1+ lnyi)i∈[d] ∀y ∈∆+
n

Bφ(x,y)=
d∑

i=1
xi lnxi −

d∑
i=1

yi lnyi −
d∑

i=1
(xi −yi)(1+ lnyi)

=
d∑

i=1
xi ln

xi

yi
∀x ∈∆d,∀y ∈∆+

d .
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

y= xk,gk ∈ ∂f (xk) gk =∇f (xk), g= gk.

xk+1 = argmin
x∈∆d

{
d∑

i=1
γkgixi +

d∑
i=1

xi ln
xi

yi

}

= argmin
x∈∆d

{
d∑

i=1
γkgixi +

d∑
i=1

xi lnxi −
d∑

i=1
xi lnyi

}

xk+1,i =
xk,ie−γkgk,i

d∑
j=1

xk,je−γkgk,j

.
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

6 ( )
φ ‖ ·‖ µ- , x∗ ,

{xk}

γk(f (xk)− f∗)≤Bφ(x∗,xk)−Bφ(x∗,xk+1)+ γ2
k

2µ
‖gk‖2

∗ ∀k≥ 0,

‖ ·‖∗ .
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

.

Bφ(x∗,xk)=Bφ(x∗,xk+1)+Bφ(xk+1,xk)−〈∇φ(xk)−∇φ(xk+1),x∗−xk+1〉

〈γkgk −∇φ(xk)+∇φ(xk+1),x∗−xk+1〉 ≥ 0.

〈γkgk,x∗−xk+1 ≥ 〈φ(xk)−φ(xk+1),x∗−xk+1〉
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

.

Bφ(xk+1,xk)−〈γkgk,x∗−xk+1〉 ≤Bφ(x∗,xk)−Bφ(x∗,xk+1)

Bφ(xk,xk+1)≥ µ
2 ‖xk+1 −xk‖2

Bφ(xk+1,xk)−〈γkgk,x∗−xk+1〉 =Bφ(xk+1,xk)−〈γkgk,xk −xk+1〉+〈γkgk,xk −x∗〉

≥ µ

2
‖xk+1 −xk‖2 − γ2

2µ
‖gk‖2

∗−
µ

2
+‖xk+1 −xk‖2 +·· ·

− γ2

2µ
‖gk‖2

∗+γk(f (xk)− f (x∗))

,

γk(f (xk)− f (x∗))≤Bφ(x∗,xk)−Bφ(x∗,xk+1)+ γ2
k

2µ
‖gk‖2

∗
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

7
φ ‖ ·‖ µ- , x∗ ,

{xk}

min
k=0,1,...,K

f (xk)− f∗ ≤
Bφ(x∗,x0)+

K∑
k=0

γ2
k

2µ‖gk‖2∗

K∑
k=0

γk

∀K ≥ 0.
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

D=max
x∈C

Bφ(x,x0), ∀gk, ‖gk‖∗ ≤Lf ,

γk =
√

2Dµ

Lf
p

K +1

min
k=0,1,...,K

f (xk)− f∗ ≤
p

2DLf√
µ(K +1)

.
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

min
x∈∆d

f (x)

f , ∆d ⊆ int(dom f ),

x0 = 1
d

1= (1/d, . . . ,1/d)
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

‖ ·‖ = ‖ ·‖2, ‖ ·‖∗ = ‖·‖2, φ(x)= 1
2‖x‖2

2, φ 1- ,
Bφ(x,y)= 1

2‖x−y‖2
2.

,

xk+1 =Π∆d

(
xk −γkgk

)
gk ∈ ∂f (xk) gk =∇f (xk).

D=max
x∈∆d

Bφ(x,x0)=max
x∈∆d

1
2‖x− 1

d1‖2
2 = 1

2

(
1− 1

d

)
≤ 1

2 ,

‖g‖2 ≤Lf ,2,∀x ∈∆d,∀g ∈ ∂f (x)

min
k=0,1,...,K

f (xk)− f∗ ≤ Lf ,2p
K +1

.
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

‖ ·‖ = ‖ ·‖1, ‖ ·‖∗ = ‖·‖∞, φ(x)=
d∑

i=1
xi logxi, φ ‖ ·‖1 1-

.

xk+1,i =
xk,ie−γkgk,i

d∑
j=1

xk,je−γkgk,j

gk ∈ ∂f (xk), i ∈ [d].

D=max
x∈∆d

Bφ(x,x0)=max
x∈∆d

d∑
i=1

xi ln(d ·xi)= lnd
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

‖g‖∞ ≤Lf ,2,∀x ∈∆d,∀g ∈ ∂f (x)

min
k=0,1,...,K

f (xk)− f∗ ≤
√

2logdLf ,∞p
K +1

.
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

"Worst-Case"
Cf

2 =
Lf ,2p
K+1

, Cf
∞ =

p
2logdLf ,∞p

K+1
,

ρf = Cf
∞

Cf
2

=
√

2logd
Lf ,∞
Lf ,2

‖x‖∞ ≤ ‖x‖2 ≤
p

d‖x‖∞,∀x ∈Rd,

1p
d
≤ Lf ,∞

Lf ,2
≤ 1

√
2logdp

d
≤ ρf ≤

√
2logd.
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Bregman

Bregman

(Mirror
Descent)

(Mirror Descent)

√
2logdp

d
≤ ρf ≤

√
2logd.

, O (
p

d/ lnd)

.
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Bregman

Bregman

(Mirror
Descent)

min
x∈dom h

F(x)≜ f (x)+h(x)

8
f ,h : E→ (−∞,+∞]

dom h⊆ int(dom f )

‖g‖∗ ≤Lf ,∀x ∈ dom h,∀g ∈ ∂f (x)

X∗ ≜ argmin
x∈C

F(x) , F∗
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Bregman

Bregman

(Mirror
Descent)

f h f ′ g′.
:

xk+1 = argmin
dom h

{〈γk(f ′(xk)+h′(xk))−∇φ(xk),x〉+φ(x)
}

dom h ,

F(x)= f (x)+g(x) Lipschitz ,
g(x) Lipschitz ; , g(x) Lipschitz ,

Lipschitz , .
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Bregman

Bregman

(Mirror
Descent)

(Mirror-C):

xk+1 = argmin
dom h

{〈γkf ′(xk)−∇φ(xk),x〉+γkh(x)+φ(x)
}

= argmin
dom h

{
〈γkf ′(xk),x〉+γkh(x)+Bφ(x,xk)

}
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Bregman

Bregman

(Mirror
Descent)

9
f : E→ (−∞,+∞] , µ- , f

.

Mirror-C , φ(x) , µ-
.
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Bregman

Bregman

(Mirror
Descent)

φ(x)= 1
2‖x‖2

2, Bφ(x,y)= 1
2‖x−y‖2

2

Mirror-C

xk+1 = argmin
x∈dom h

{
〈γkf ′(xk),x〉+γkh(x)+Bφ(x,xk)

}
= argmin

x∈dom h

{
〈γkf ′(xk),x〉+γkh(x)+ 1

2
‖x−xk‖2

2

}
= argmin

x∈dom h

{
γkh(x)+ 1

2
‖x− (xk −γkf ′(xk))‖2

2

}
≜ proxγkh(x)

(
xk −γkf ′(xk)

)︸ ︷︷ ︸
Proximal Operator
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Bregman

Bregman

(Mirror
Descent)

10
8 h(x) , φ ‖ ·‖ µ- .

x∗ , Mirror-C {xk}Kk=0

min
k=0,1,...,K

F(xk)−F∗ ≤
γ0h(x0)+Bφ(x∗,x0)+ 1

2µ

K∑
k=0

γ2
k‖f ′(xk)‖2∗

K∑
k=0

γk
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Bregman

Bregman

(Mirror
Descent)

.

Bφ(x∗,xk)=Bφ(x∗,xk+1)+Bφ(xk,xk+1)−〈∇φ(xk)−∇φ(xk+1),x∗−xk+1〉

xk+1 = argmin
x∈dom h

{〈γkf ′(xk)−∇φ(xk),x〉+γkh(x)+φ(x)
}

, h′(xk+1) ∈ ∂h(xk+1)

γkf ′(xk)−∇φ(xk)+γkh′(xk+1)+∇φ(xk+1)= 0

∇φ(xk)−∇φ(xk+1)= γkf ′(xk)+γkh′(xk+1)
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Bregman

Bregman

(Mirror
Descent)

.

Bφ(x∗,xk)−Bφ(x∗,xk+1)=Bφ(xk+1,xk)−〈γkf ′(xk)+γkh′(xk+1),x∗−xk+1〉
= µ

2
‖xk+1 −xk‖2 −〈γkf ′(xk),x∗−xk +xk −xk+1〉−〈γkh′(xk+1),x∗−xk+1〉

≥ γk(f (xk)− f (x∗))− γ2
k

2µ
‖f ′(xk)‖2

∗+γk(h(xk)−h(x∗))−γk(h(xk)−h(xk+1))

γk ≥ γk+1,

γk
(
F(xk)−F(x∗)

)≤Bφ(x∗,xk)−Bφ(x∗,xk+1)+ γ2
k

2µ
‖f ′(xk)‖2

∗+γkh(xk)−γk+1h(xk+1)
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Bregman

Bregman

(Mirror
Descent)min

x∈Rd

{
F(x)≜ ‖Ax−b‖1 +λ‖x‖1

}
, γk = 1

‖F′(xk)‖2
p

k+1
( )

xk+1 = xk −γk

(
ATsgn(Axk −b)+λsgn(xk)

)
(Mirror-C: φ(x)= 1

2‖x‖2
2), γk = 1

‖f ′(xk)‖2
p

k+1
(

)
xk+1 = proxλγk‖·‖1

(
xk −γk

(
ATsgn(Axk −b)

))
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