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Fenchel

. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .



Fenchel

1 ( (Proper Function))
f : E→R

∪
{±∞} ,

f (x)>−∞, ∀x ∈ E ∃x′ ∈ E, f (x′)<∞,

f .

, .

dom f ≜ {x ∈ E, f (x)<+∞}
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Fenchel
2

f : E→R
∪

{+∞} , ∃x ∈ dom f , ∂f .
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Fenchel

3 ( )
f : E→R

∪
{±∞} . f∗ : E→R

∪
{±∞}

f∗(y)=max
x∈E

{〈x,y〉− f (x)} ∀y ∈ E.

f .
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Fenchel4
f : E→R

∪
{±∞} , f∗∗ .

.
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Fenchel
5

f : E→R
∪

{+∞} , f∗ .

Weiwen Wang( ) ( ) 2025 5 27 7 / 39



Fenchel

.
f , x ∈ dom f .

f∗(y)≥ 〈x,y〉− f (x) y ∈ E.

〈x,y〉− f (x)>−∞.
dom f∗ .

2, x̃ ∈ dom f , ∂f (x̃) , ∃g ∈ ∂f (x̃)

f (z)≥ f (x̃)+〈g,z− x̃〉 ∀z ∈ E

〈g, x̃〉− f (x̃)≥ 〈g,z〉− f (z) ∀z ∈ E
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Fenchel

.

〈g, x̃〉− f (x̃)≥ 〈g,z〉− f (z) ∀z ∈ E

z

f∗(g)=max
z∈E

{〈g,z〉− f (z)}≤ 〈g, x̃〉− f (x̃)<∞

g ∈ dom f∗, dom f∗ .
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Fenchel

6 (Fenchel )
f : E→R

∪
{+∞} ,

f (x)+ f (y∗)≥ 〈x,y〉 ∀x ∈ E,y ∈ E∗

.
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Fenchel

.

f (y∗)≥ 〈x,y〉− f (x) ∀x ∈ E,y ∈ E∗

f , ∀x ∈ E, f (x)>−∞, ∀y ∈ E∗, f∗(y)>−∞.
f (x),

f (x)+ f (y∗)≥ 〈x,y〉 ∀x ∈ E,y ∈ E∗
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Fenchel

7 ( )
f : E→R

∪
{±∞} . E= E∗∗,

f∗∗(x)=max
y∈E∗

{〈y,x〉− f∗(x)} ∀x ∈ E.

f (biconjugate).
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Fenchel
8

f : E→R
∪

{±∞} , ∀x ∈ E, f (x)≥ f∗∗(x)
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Fenchel

.

f∗(y)≥ 〈y,x〉− f (x) ∀y ∈ E∗,∀x ∈ E.

f (x)=+∞,

f (x)≥ 〈y,x〉− f∗(y) ∀y ∈ E∗

f (x)=−∞, f∗(y)=+∞,

f (x)≥ 〈y,x〉− f∗(y) ∀y ∈ E∗

f (x) ∉ {±∞}, f∗∗(y)>−∞, f (x)

f (x)+ f∗(y)≥ 〈y,x〉 ∀y ∈ E∗
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Fenchel

.

f (x)+ f∗(y)≥ 〈y,x〉 ∀y ∈ E∗

f∗(y)

f (x)≥ 〈y,x〉− f∗(y) ∀y ∈ E∗

f (x)≥ 〈y,x〉− f∗(y) ∀x ∈ E,y ∈ E∗∗

f (x)≥max
y∈E∗

{〈y,x〉− f∗(y)}= f∗∗(x) ∀x ∈ E.
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Fenchel
9

f : E→R
∪

{+∞} , f = f∗∗.
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Fenchel

10
g : E1 ×E2 ×·· ·×Ep →R

∪
{+∞},

g(x1,x2, . . . ,xp)=
p∑

i=1
fi(xi),

∀i ∈ [p], fi : Ei →R
∪

{+∞} ,

g∗(y1,y2, . . . ,yp)=
p∑

i=1
f∗i (y∗i ) ∀y∗i ∈ E∗i , i ∈ [q].
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Fenchel

.
∀(y1,y2, . . . ,yp) ∈ E∗1 ×E∗2 ×·· ·×E∗p

g∗(y1,y2, . . . ,yp)= max
x1,x2,...,xp

{〈(y1,y2, . . . ,yp), (x1,x2, . . . ,xp)〉−g(x1,x2, . . . ,xp)}

= max
x1,x2,...,xp

{
p∑

i=1

(〈yi,xi〉− fi(xi)
)}

=
p∑

i=1
max

x1,x2,...,xp

{〈yi,xi〉− f (xi)
}

=
p∑

i=1
f∗i (yi)
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Fenchel

11
f : E→R

∪
{+∞}, α ∈R++,

(a) g(x)=αf (x)

g∗(y)=αf∗
(

y
α

)
y ∈ E∗.

(b) h(x)=αf
(

x
α

)
h∗(y)=αf∗(y) y ∈ E∗
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Fenchel

.
a.

g∗(y)=max
x∈E

{〈y,x〉−αf (x)}

=αmax
x∈E

{〈 y
α

,x〉−αf (x)}

=αf∗
(

y
α

)
b.

h∗(y)=max
x∈E

{
〈y,x〉−αf

(
x
α

)}

=αmax
x∈E

{
〈y,

x
α
〉− f

(
x
α

)}
=αf∗(y)
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Fenchel

f :R→R, f (x)= ex

f∗(y)=max
x

{
xy−ex}

y< 0

lim
x→−∞

(
xy−ex)=+∞.

y> 0. f (x) , x= logy

f∗(y)= y logy−y

y= 0,
f∗(0)= 0
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Fenchel

0 · log0= 0,

f∗(y)=

y logy−y, y≥ 0;

+∞, y< 0.
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Fenchel
f :Rn →R

∪
{+∞}

f (x)=


n∑

i=1
xi logxi, x≥ 0;

+∞, .
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Fenchel

g(t)=

t logt, t≥ 0;

+∞, t< 0.

g∗(s)=max
x≥0

{xs−x logx}

x> 0 , g̃(x)= xs−x logx , , x= es−1 ,
g̃ es−1.

g∗(s)=max
x≥0

{xs−x logx}

=max
(
g̃(0),max

x>0
g̃(x)

)
= es−1
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Fenchel10,
f∗(y)=

n∑
i=1

eyi−1 y ∈Rn.
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Fenchel

Ball-Pen

f : E→R
∪

{+∞}

f (x)=

−
√

1−‖x‖[2], ‖x‖ ≤ 1;

+∞, .

Weiwen Wang( ) ( ) 2025 5 27 26 / 39



Fenchel

f∗(y)= max
‖x‖≤1

{〈x,y〉+
√

1−‖x‖2}

= max
α∈[0,1]

max
‖x‖=α

{
〈x,y〉+

√
1−‖x‖2

}
= max

α∈[0,1]
max
‖x‖=α

{
〈x,y〉+

√
1−α2

}
= max

g(α)≜α∈[0,1]
{g(α)≡α‖y‖∗+

√
1−α2}

α=
√

‖y‖2∗
‖y‖2∗+1 , g(α) ,

f∗(y)=
√

‖y‖2∗+1
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Fenchel

f : E→R f (x)= 1
2‖x‖2,

f∗(y)=max
x

{
〈y,x〉− 1

2
‖x‖2

}
= max

α∈[0,+∞)

{
〈y,x〉− 1

2
α2

}
= max

α∈[0,+∞)

{
g(α)≡α‖y‖∗− 1

2
α2

}
= 1

2
‖y‖2

∗.
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Fenchel

Fenchel

(P) min
x∈E

f (x)+g(x)

min
x∈E,z∈E

f (x)+g(z) s.t. x= z.

L(x,z,y)= f (x)+g(z)+〈y,z−x〉

q(y)= min
x∈E,z∈E

L(x,z,y)=−f∗(y)−g∗(−y)
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Fenchel

Fenchel

max
y∈E∗

q(y)=max
y∈E∗

{
q(y)≡−f∗(y)−g∗(−y)

}
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Fenchel

Fenchel

Fenchel

12 (Fenchel )
f : E→R

∪
{+∞} , ri(dom f )∩ri(dom g) 6= ;,

min
x∈E

{
f (x)+g(x)

}=max
y∈E∗

{−f∗(y)−g∗(−y)
}
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Fenchel

13
f : E→R

∪
{+∞} , x ∈ E, y ∈ E∗,

(a) 〈x,y〉 = f (x)+ f∗(y);

(b) y ∈ ∂f (x);

(a) (b) . , f ,

(c) x ∈ ∂f∗(y)

(a), (b) .
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Fenchel

.
((a)⇒ (b))

〈x,y〉 = f (x)+ f∗(y)

f∗(y)= 〈x,y〉− f (x)≥ 〈y,z〉− f (z) ∀z ∈ E

f (z)≥ f (x)+〈y,z−x〉 ∀z ∈ E

y ∈ ∂f (x).
((b)⇒ (a)) .
((a)⇒ (c)) f , f = f∗∗,

〈x,y〉 = f (x)+ f∗(y)= f∗∗(x)+ f∗(y)
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Fenchel

.

〈x,y〉 = f (x)+ f∗(y)= f∗∗(x)+ f∗(y)

x y , (a)⇒ (c), x ∈ ∂f∗(y).
((c)⇒ (a)) (b)⇒ (a),

〈x,y〉 = f∗(y)+ f∗∗(x)= f∗(y)+ f (x)
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Fenchel

14
f : E→R

∪
{+∞} , x ∈ E, y ∈ E∗,

∂f (x)= argmax
ỹ∈E∗

{〈x, ỹ〉− f∗(ỹ)},

∂f∗(y)= argmax
x̃∈E

{〈x, ỹ〉− f (x̃)}.
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Fenchel

15
f : E→R , L> 0,

(a) ∀x,y ∈ E, |f (x)− f (y)| ≤L‖x−y‖;
(b) ∀x ∈ E,∀g ∈ ∂f (x),‖g‖∗ ≤L;

(c) dom f∗ ⊆B‖·‖∗[0,L].
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Fenchel

.
(c)⇒(b) ∀x ∈ E, y ∈ ∂f (x), 13,

〈x,y〉 = f (x)+ f∗(y)

f (x) ∈ (−∞,+∞),∀x ∈ E,

f∗(y)= 〈x,y〉− f (x) ∈ (−∞,+∞).

∪
x∈E

∂f (x)⊆ dom f∗.

(a)⇒(c) E , 0 ∈ E.

f (0)− f (x)≥−L‖x‖ ∀x ∈ E
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Fenchel

.

−f (x)≥−f (0)−L‖x‖

y ∉B‖·‖∗ [0,L], ‖y‖∗ >L. x̃ ∈ E, ‖x̃‖ = 1,
‖y‖∗ = 〈x̃,y〉. C≜ {αx̃ :α ∈R}⊆ E.

f∗(y)=max
x∈E

{〈x,y〉− f (x)}

≥max
x∈E

{〈x,y〉− f (0)−L‖x‖}

≥max
x∈C

{〈x,y〉− f (0)−L‖x‖}

=max
α∈R

{α〈x̃,y〉−Lα‖x̃‖− f (0)}

=max
α∈R

{α(‖y‖∗−L)− f (0)}

=+∞
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Fenchel
.

y ∉B‖·‖∗ [0,L], y ∉ dom f∗.
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