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(Proximal
Point Algorithm, PPA)

-FISTA

1
f , f x

proxf (x)= argmin
y

{
f (y)+ 1

2
∥y−x∥2

2

}

∀µ> 0,

proxµf (x)= argmin
y

{
f (y)+ 1

2µ
∥y−x∥2

2

}
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(Proximal
Point Algorithm, PPA)

-FISTA

C , C

f (x)= δC(x)=

0, x ∈C

+∞, x ∉C

proxf (x)= argmin
y

1
2
∥y−x∥2

2 =ΠC(x)
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(Proximal
Point Algorithm, PPA)

-FISTAf (x)=λ∥x∥2,

proxf (x)=
(
1− λ

max(∥x∥2,λ)

)
x

f (x)=λ∥x∥1,
proxf (x)= [|x|−λ1]+⊙sgn(x)
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(Proximal
Point Algorithm, PPA)

-FISTA

2
f ,

(a) x∗ f (x) x∗ = proxf (x∗);

(b) ∥proxf (x)−proxf (y)∥ ≤ ∥x−y∥;
(c) f , ∀x,x= proxf (x)+proxf ∗(x)

Weiwen Wang( ) ( ) 2025 6 9 6 / 30



(Proximal
Point Algorithm, PPA)

-FISTA

.
(a)

x∗ f (x) ⇔ 0 ∈ ∂f (x∗)

⇔ x∗ = argmin
x

{
f (x)+ 1

2
∥x∗−x∥2

2

}
= proxf (x∗)

(b) x̃= proxf (x), ỹ= proxf (y), ,

0 ∈ ∂f (x̃)+ x̃−x, 0 ∈ ∂f (ỹ)+ ỹ−y.

f (ỹ)≥ f (x̃)+〈x− x̃, ỹ− x̃〉, f (x̃)≥ f (ỹ)+〈y− ỹ, x̃− ỹ〉
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(Proximal
Point Algorithm, PPA)

-FISTA

.

f (ỹ)≥ f (x̃)+〈x− x̃, ỹ− x̃〉, f (x̃)≥ f (ỹ)+〈y− ỹ, x̃− ỹ〉

,

∥x−y∥ ·∥x̃− ỹ∥ ≥ 〈x−y, x̃− ỹ〉 ≥ ∥x̃− ỹ∥2

∥x̃− ỹ∥ ≤ ∥x−y∥
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(Proximal
Point Algorithm, PPA)

-FISTA

.
(c) x̃= proxf (x),

x̃= proxf (x)⇔ x− x̃ ∈ ∂f (x̃).

f ,

x− x̃ ∈ ∂f (x̃)⇔ x̃ ∈ ∂f∗(x− x̃)

u= x− x̃,
x−u ∈ ∂f∗(u)⇔u= proxf∗ (x)

x= x̃+ (x− x̃)= proxf (x)+proxf∗ (x).
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(Proximal
Point Algorithm, PPA)

-FISTA

(Proximal Point Algorithm, PPA)

3 (Moreau envelop)
f , µ> 0, f Moreau envelop

Mµ

f (x)=min
y

{
f (y)+ 1

2
∥x−y∥2

2

}

Mµ

f (x) 1
µ
-smooth

∇Mµ

f (x)= 1
µ

(
x−proxµf (x)

)
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(Proximal
Point Algorithm, PPA)

-FISTA

(Proximal Point Algorithm, PPA)

f (x)= ∥x∥2, µ> 0,

proxµf (x)=
(
1− µ

max(∥x∥2,µ)

)
x

Mµ

f (x)= ∥proxµf (x)∥2 + 1
2µ

∥x−proxµf (x)∥2
2 =


1

2µ
∥x∥2

2, ∥x∥2 ≤µ

∥x∥2 − µ

2
, ∥x∥2 >µ.
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(Proximal
Point Algorithm, PPA)

-FISTA

(Proximal Point Algorithm, PPA)

Mµ

f

xk+1 = xk −µ∇Mµ

f (xk)= proxµf (xk)
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(Proximal
Point Algorithm, PPA)

-FISTA

(Proximal Point Algorithm, PPA)

PPA

f ,

min
x

f (x)

PPA

xk+1 = proxγkf (xk).

Moreau envelope
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(Proximal
Point Algorithm, PPA)

-FISTA

(Proximal Point Algorithm, PPA)

4
f , x∗ f , f∗,

(PPA)

f (xK )− f∗ ≤ ∥x0 −x∗∥2
2

2
K−1∑
k=0

γk

∀K ≥ 1.
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(Proximal
Point Algorithm, PPA)

-FISTA

(Proximal Point Algorithm, PPA)

.

xk+1 = proxγkf (xk)= argmin
x

{
f (x)+ 1

2γk
∥x−xk∥2

2

}

1
γk

(
xk −xk+1

) ∈ ∂f (xk+1)

f (xk+1)≤ f (xk+1)+ 1
2γk

∥xk+1 −xk∥2
2 ≤ f (xk)

,

f (x∗)≥ f (xk+1)+
⟨

1
γk

(xk −xk+1),x∗−xk+1

⟩
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(Proximal
Point Algorithm, PPA)

-FISTA

(Proximal Point Algorithm, PPA)

.

f (x∗)≥ f (xk+1)+
⟨

1
γk

(xk −xk+1),x∗−xk+1

⟩

γk(f (xk+1)− f (x∗))≤ ⟨
xk+1 −xk,x∗−xk+1

⟩
= 1

2
∥xk −x∗∥2

2 −
1
2
∥xk+1 −xk∥2

2 −
1
2
∥xk+1 −x∗∥2

2

≤ 1
2
∥xk −x∗∥2

2 −
1
2
∥xk+1 −x∗∥2

2.

.
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(Proximal
Point Algorithm, PPA)

-FISTA

min
x

F(x)≡ f (x)+g(x)

g ;

f dom f f Lf -smooth;

X∗ .
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(Proximal
Point Algorithm, PPA)

-FISTA

xk+1 =ΠC(xk −γk∇f (xk))

= argmin
x∈C

{
f (xk)+〈∇f (xk),x−xk〉+

1
2γk

∥x−xk∥2
2

}
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(Proximal
Point Algorithm, PPA)

-FISTAxk+1 = argmin
x

{
f (xk)+〈∇f (xk),x−xk〉+

1
2γk

∥x−xk∥2
2 +g(x)

}

= argmin
x

{
γkg(x)+ 1

2
∥x− (xk −γk∇f (xk))∥2

2

}
= proxγkg

(
xk −γk∇f (xk)

)

T
f ,g

L (x)= prox 1
L g

(
x− 1

L
∇f (x)

)
TL(x).
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(Proximal
Point Algorithm, PPA)

-FISTA

5
L> 0,

f (TL(y))≤ f (y)+〈∇f (y),TL(y)−y〉+ L
2
∥TL(y)−y∥2

2 ∀x,y,

F(x)−F(TL(y))≥ L
2
∥x−TL(y)∥2

2 −
L
2
∥x−y∥2

2 +ℓf (x,y),

ℓf (x,y)= f (x)− f (y)−〈∇f (y),x−y〉.
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(Proximal
Point Algorithm, PPA)

-FISTA

.

TL(y)= argmin
x

{
1
L

g(x)+ 1
2
∥x− (y− 1

L
∇f (y))∥2

}

L(y− 1
L
∇f (y)−TL(y)) ∈ ∂g(TL(y))

g(x)≥ g(TL(y))+
⟨

L(y− 1
L
∇f (y)−TL(y)),x−TL(y)

⟩
.
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(Proximal
Point Algorithm, PPA)

-FISTA

.

f (x)≥ f (TL(y))−〈∇f (y),TL(y)−y〉− L
2
∥TL(y)−y∥2

2 + f (x)− f (y)

= f (TL(y))+〈∇f (y),x−TL(y)〉− L
2
∥TL(y)−y∥2

2 +ℓf (x,y)

F(x)≥F(TL(y))+L〈y−TL(y),x−TL(y)〉− L
2
∥TL(y)−y∥2

2 +ℓf (x,y)

=F(TL(y))+ L
2
∥x−TL(y)∥2

2 −
L
2
∥x−y∥2

2 +ℓf (x,y).
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(Proximal
Point Algorithm, PPA)

-FISTA6
f , x∗ , γk = 1

Lf
,

{xk}k≥0

F(xk)−F(x∗)≤ Lf ∥x0 −x∗∥2
2

2k
∀k≥ 1.
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(Proximal
Point Algorithm, PPA)

-FISTA

.
5 , x= y= xk, TLf (xk)= xk+1,

F(xk)−F(xk+1)≥ Lf

2
∥xk −xk+1∥2

2 ≥ 0.

{F(x)k}k≥0 .
x= x∗, y= xk, xk+1 =TLf (xk),

F(x∗)−F(xk+1)≥ Lf

2
∥x∗−xk+1∥2

2 −
Lf

2
∥x∗−xk∥2

2 +ℓf (x∗,xk)

F(xk+1)−F(x∗)≤ Lf

2
∥x∗−xk∥2

2 −
Lf

2
∥x∗−xk+1∥2

2 −ℓf (x∗,xk)
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(Proximal
Point Algorithm, PPA)

-FISTA

.

F(xk+1)−F(x∗)≤ Lf

2
∥x∗−xk∥2

2 −
Lf

2
∥x∗−xk+1∥2

2 −ℓf (x∗,xk)

≤ Lf

2
∥x∗−xk∥2

2 −
Lf

2
∥x∗−xk+1∥2

2 (convexity of f )

k= 0,1, . . . ,K, K +1

(K +1)(F(xK+1)−F(x∗))≤
K∑

k=0
(F(xk+1)− f (x∗))

≤ Lf

2
∥x∗−x0∥2

2 −
Lf

2
∥x∗−xK+1∥2

2

≤ Lf

2
∥x∗−x0∥2

2
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(Proximal
Point Algorithm, PPA)

-FISTA

7
f σ- , x∗ ,

γk = 1
Lf

, {xk}k≥0 , ∀k≥ 0

(a) ∥xk+1 −x∗∥2
2 ≤

(
1− σ

Lf

)
∥xk −x∗∥2

2;

(b) ∥xk+1 −x∗∥2
2 ≤

(
1− σ

Lf

)k ∥x0 −x∗∥2
2;

(c) F(xk+1)−F(x∗)≤ Lf
2

(
1− σ

Lf

)k+1 ∥x0 −x∗∥2
2.
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(Proximal
Point Algorithm, PPA)

-FISTA.
5 .
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(Proximal
Point Algorithm, PPA)

-FISTA

-FISTA

,

g ;

f Lf -smooth ;

X∗ .
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(Proximal
Point Algorithm, PPA)

-FISTA

-FISTA

FISTA

xk+1 = proxγkg
(
yk −γk∇f (yk)

)
,

tk+1 =
1+

√
1+4t2

k

2
,

yk+1 = xk+1 +
tk −1
tk+1

(
xk+1 −xk

)
.

x0 = y0, t0 = 1.
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(Proximal
Point Algorithm, PPA)

-FISTA

-FISTA

FISTA

8
x∗ , γk = 1

Lf
, FISTA

{xk}k≥0

F(xk)−F(x∗)≤ 2Lf ∥x0 −x∗∥2
2

(k+1)2 ∀k≥ 1.
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