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min
x∈Rd

f (x)

xk+1 = xk −γk∇f (xk)

〈x,x〉 = ∥x∥2
2

(Rd,∥ · ∥2)
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f : E→R,
min
x∈E

f (x)

xk+1 = xk︸︷︷︸
∈E

−γk∇f (xk)︸ ︷︷ ︸
∈E∗

(Rd,∥ ·∥), ∥ ·∥ E .
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∇f (xk) E

a ∈ E∗,
Λa = argmax

∥x∥≤1
〈a,x〉

∇f (xk) E ∇f (xk)†

∇f (xk)† ∈Λ∇f (xk)

xk+1 = xk −γk ∥∇f (xk)∥∗ ·∇f (xk)†︸ ︷︷ ︸
scaled
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1 (Λa )
a ∈ E∗,

(a) a ̸= 0, ∥a†∥ = 1,∀a† ∈Λa;

(b) a= 0, Λa = {x ∈ E : ∥x∥ ≤ 1};

(c) ∀a† ∈Λa,〈a,a†〉 = ∥a∥∗;

(d) Λa = ∂∥a∥∗.
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.
(d)

Λa = argmax
∥x∥≤1

〈x,a〉

= argmax
x∈E

{
〈x,a〉−δB∥·∥[0,1](x)

}
= ∂

(
δB∥·∥[0,1]

)∗
(y)

(
δB∥·∥[0,1]

)∗ =max
x∈E

{
〈x,a〉−δB∥·∥[0,1](x)

}
= max

∥x∥≤1
〈x,a〉

= ∥a∥∗
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a ̸= 0 ∥ ·∥≜ ∥ ·∥2,

Λa =
{

a
∥a∥

}
.
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(Rn,∥·∥1), (Rn,∥·∥∞) a ̸= 0,

Λa = ∂∥a∥∞ =
 ∑

i∈I(a)
λisgn(ai)ei,λ ∈∆|I(a)|


I(a)= {k ∈ [d] : |ak| = ∥a∥∞}
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2 ( )
f : E→R ∥ ·∥ L-smooth ,

f (xk)− f (xk+1)≥ γk

(
1− Lγk

2

)
∥∇f (xk)∥2

∗
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.
L-smooth

f (xk+1)≤ f (xk)+〈∇f (xk),xk+1 −xk〉+
L
2
∥xk+1 −xk∥2

= f (xk)−〈∇f (xk),γk∥∇f (xk)∥∗∇f (x†
k)〉+ Lγ2

k
2

∥∇f (xk)∥2∥∇f (xk)†∥2
∗

≤ f (xk)−γk∥∇f (xk)∥2
∗+

Lγ2
k

2
∥∇f (xk)∥2

∗ (∇f (xk)† )

f (xk)− f (xk+1)≥ γk

(
1− Lγk

2

)
∥∇f (xk)∥2

∗
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3
f : E→R L-smooth ;

;

D=max
x,y∈E

∥x−y∥
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4
f 3, x∗ , f∗,

γk = 1
L ,

f (xk)− f (xk+1)≥ 1
2LD2 (f (xk)− f∗)2
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.

f (xk)− f (xk+1)≥ 1
2L

∥∇f (xk)∥2
∗

f (xk)− f (x∗)≤ 〈∇f (xk),xk −x∗〉 ≤ ∥∇f (xk)∥∗∥xk −x∗∥

f (xk)≥ f (x∗),

(
f (xk)− f (x∗)

)2 ≤ 2LD2(f (xk)− f (xk+1))
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5
{ak}k≥0 ,

ak −ak+1 ≥
1
γ

a2
k ∀k≥ 0,

ak ≤
γ

k
∀k≥ 1.
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6
f 3, x∗ , f∗,

γk = 1
L ,

f (xk)− f∗ ≤ 2LD2

k
∀k≥ 1.
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.
∆k = f (xk)− f∗ ≥ 0. 4

∆k −∆k+1 ≥
1

2LD2 ∆
2
k

5
f (xk)− f∗ =∆k ≤

2LD2

k
∀k≥ 1.
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3 ,

: f (xk)− f∗ ≤ 2LD2

k ;

: f (xk)− f∗ ≤ 2L∥x0−x∗∥2
2

2k
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min
x

f (x)≜ 1
2

xTAx+bTx

A ∈Sn++, b ∈Rn.
f (x) L-smooth

L≜ ∥A∥p,q =max{∥Ax∥q : ∥x∥p ≤ 1}

p q 1
p + 1

q = 1 p q≥ 0.
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∇f (x)=Ax+b=
(
aT

i x+bi

)
i∈[n]

p= q= 2, L2 =max |λ(A)|

xk+1 = xk −
1

L2

(
Axk +b

)
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p= 1,q=∞, L∞ =max |Ai,j|

ik ∈ argmax
i∈[n]

|aT
i x+bi|

xk+1 = xk −
|aT

ik
x+bik |
L∞

sgn(aT
ik

x+bik)eik

= xk −
1

L∞
(aT

ik
x+bik)eik

L2
L∞

.
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"+" O (n2)

gk+1 =Axk+1 +b

"+" O (n2)

gk+1 = gk −
1

L∞
(aT

ik
x+bik)Aeik

= gk −
1

L∞
(aT

ik
x+bik)aik
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min
x∈E

F(x)≡ f (x)+g(x)

xk+1 = argmin
x∈E

{
f (xk)+〈∇f (xk),x−xk〉+g(x)+ 1

2γk
∥x−xk+1∥2

}

Bregman

xk+1 = argmin
x∈E

{
f (xk)+〈∇f (xk),x−xk〉+g(x)+ 1

γk
Bω(x,xk)

}
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7
g : E→R

f : E→R L-smooth ;

X∗ .

8
ω : E→R 1- .
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xk+1 = argmin
x∈E

{
f (xk)+〈∇f (xk),x−xk〉+g(x)+ 1

γk
Bω(x,xk)

}
= argmin

x∈E

{〈γk∇f (xk)−∇ω(xk),x〉+γkg(x)+ω(x)
}

, xk+1 .
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9
x∗ , F∗, γk = 1

Lf
.

{xk}k≥0

(a) {F(xk)}k≥0 ;

(b)
F(xk)−F(x∗)≤ LBω(x∗,x0)

k
∀k≥ 1.
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.
(a)

0 ∈ γk∇f (xk)−∇ω(xk)+γk∂g(xk+1)+∇ω(xk+1)

1
γk

(∇ω(xk)−∇ω(xk+1)
)−∇f (xk) ∈ ∂g(xk+1)

g(xk)≥ g(xk+1)+
〈

1
γk

(∇ω(xk)−∇ω(xk+1)
)−∇f (xk),xk −xk+1

〉

≥ g(xk+1)+ 1
γk

∥xk −xk+1∥2 −〈∇f (xk),xk −xk+1〉
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.

g(xk+1)≤ g(xk)+〈∇f (xk),xk −xk+1〉−
1
γk

∥xk −xk+1∥2

L-smooth

f (xk+1)≤ f (xk)+〈∇f (xk),xk+1 −xk〉+
L
2
∥xk −xk+1∥2

F(xk+1)≤F(xk)−
(

1
γk

− L
2

)
∥xk −xk+1∥2

γk ∈
(
0, 2

L

)
, {F(xk)}k≥0 .
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.
(b) (a)

1
γk

(∇ω(xk)−∇ω(xk+1)
)−∇f (xk) ∈ ∂g(xk+1)

g(x∗)≥ g(xk+1)+
〈

1
γk

(∇ω(xk)−∇ω(xk+1)
)−∇f (xk),x∗−xk+1

〉
= g(xk+1)+L〈∇ω(xk)−∇ω(xk+1),x∗−xk+1〉−〈∇f (xk),x∗−xk +xk −xk+1〉
= g(xk+1)+LBω(x∗,xk+1)+LBω(xk+1,xk)−LBω(x∗,xk)

−〈∇f (xk),x∗−xk〉−〈∇f (xk),xk −xk+1〉
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.

LBω(x∗,xk)−LBω(x∗,xk+1)+g(x∗)+ f (xk)+〈∇f (xk),x∗−xk〉
≥ g(xk+1)+ f (xk)+〈∇f (xk),xk+1 −xk〉+LBω(xk+1,xk)
(i)≥ g(xk+1)+ f (xk+1)

F(xk+1)−F(x∗)≤LBω(x∗,xk)−LBω(x∗,xk+1)

(i) L-smooth

f (xk+1)≤ f (xk)+〈∇f (xk),xk+1 −xk〉+
L
2
∥xk+1 −xk∥2

Bω(x∗,xk+1)≥ 1
2∥xk+1 −xk∥2.
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