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min
x

f (x)= 1
n

n∑
i=1

fi(x),

fi :Rd →R .
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(Gradient Descent, GD)

xk+1 = xk −γk
1
n

n∑
i=1

∇fi(x)

(Min-Batch, MBGD)

xk+1 = xk −γk
1

|Bk|
∑

i∈Bk

∇fi(x) B ⊆ {1,2, . . . ,n}.

(Stochastic Gradient Descent, SGD)

xk+1 = xk −γk∇fik(xk) ik ∼ Unif(1,2, . . . ,n)
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SGD : lim
k→∞

∇f (xk) ̸= 0

Gower, Robert M., et al. "Variance-reduced methods for machine learning."

Proceedings of the IEEE 108.11 (2020): 1968-1983.
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1
X ∈Rd ,

E
[
∥X −E[X]∥2

]
≤ E[∥X∥2]
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.
E
[
∥X −EX∥2

]
= E

[
∥X∥2 −2〈X,EX〉+∥EX∥2

]
= E[∥X∥2]−∥EX∥2 ≤ E[∥X∥2].
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2
f L-smooth ,

f (x)+〈∇f (x),y−x〉+ 1
2L

∥∇f (x)−∇f (y)∥2 ≤ f (y).
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3 ( (Variance Reduction Property, VRP))
{gk}k≥0 ⊂Rd,

E
[
∥gk −∇f (xk)∥2

]
→ 0 k→∞

{gk}k≥0 .
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{gk}k≥0?

∇f (xk)≈ gk

xk+1 = xk −γkgk
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SGD∗

-SGD∗

x∗ ,

gk =∇fik(xk)−∇fik(x∗) ik ∼ Unif(1,2, . . . ,n).

Weiwen Wang( ) ( ) 2025 6 25 11 / 29



SGD∗

SGD∗

(Stochastic
Average Gradient, SAG)

Stochastic Average Gradient
Amélioré: SAGA

(Stochastic
Reduced Gradient, SVRG)

SVRG

SGD∗

gk ∇f (xk) .

E[gk|xk]= E
[∇fik(xk)−∇fik(x∗)|xk

]
=

n∑
i=1

1
n

(
fi(xk)− fi(x∗)

)
= 1

n

∑
i=1

fi(xk)− 1
n

∑
i=1

fi(x∗)

=∇f (xk)−∇f (x∗)=∇f (xk).
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SGD∗

E
[
∥gk −∇f (xk)∥2|xk

] (i)≤ E
[
∥gk∥2|xk

]
≤ E

[
∥∇fik(xk)−∇fik(x∗)∥2|xk

]

E
[
∥gk −∇f (xk)∥2

]
≤ E

[
∥∇fik(xk)−∇fik(x∗)∥2

]
xk → x∗, {gk} VRP.
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Stochastic Average Gradient
Amélioré: SAGA

(Stochastic
Reduced Gradient, SVRG)

SVRG

SGD∗

4
fi Li-smooth , Lmax =max

i∈[n]
Li.

ik ∼ Unif{1,2, . . . ,n},

Eik

[
∥∇fik(x)−∇fik(x∗)∥2

]
≤ 2Lmax(f (x)− f (x∗)) ∀x ∈Rd
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SGD∗

.
2

∥∇fik (x)−∇fik (x∗)∥2 ≤ 2Lmax

(
fik (x)− fik (x∗)−〈∇fik (x∗),x−x∗〉

)
∀x ∈Rd

ik

Eik∥∇fik (x)−∇fik (x∗)∥2 ≤ Eik

[
2Lmax

(
fik (x)− fik (x∗)−〈∇fik (x∗),x−x∗〉

)]

= 2Lmax

 1
n

n∑
i=1

fi(x)− 1
n

n∑
i=1

fi(x∗)−
⟨

1
n

n∑
i=1

∇fi(x∗),x−x∗
⟩

= 2Lmax(f (xk)− f (x∗)).
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SGD∗

5
fi Li-smooth , f µ- ,

Lmax =max
i∈[n]

Li, γ ∈ (0,1/Lmax), SGD∗

E
[
∥xk+1 −x∗∥2

]
≤ (1−γµ)E

[
∥xk −x∗∥2

]
∀k≥ 0

VRP.
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SGD∗

.

∥xk+1 −x∗∥2 = ∥xk −γgk −x∗∥2

= ∥xk −x∗∥2 −2〈γgk,xk −x∗〉+γ2∥gk∥2

= ∥xk −x∗∥2 −2γ〈∇fik (xk)−∇fik (x∗),xk −x∗〉+γ2∥∇fik (xk)−∇fik (x∗)∥2

xk ik

Eik

[
∥xk+1 −x∗∥2|xk

]
= ∥xk −x∗∥2 −2γ〈∇f (xk),xk −x∗〉+γ2Eik

[
∥∇fik (xk)−∇fik (x∗)∥2|xk

]
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SGD∗

.
f µ-

〈∇f (xk),xk −x∗〉 ≥ f (xk)− f (x∗)+ µ

2
∥xk −x∗∥2

4

Eik

[
∥∇fik (xk)−∇fik (x∗)∥2|xk

]
≤ 2Lmax(f (xk)− f (x∗))

Eik

[
∥xk+1 −x∗∥2|xk

]
≤ ∥xk −x∗∥2 −γµ∥xk −x∗∥2 −2γ(1−γLmax)(f (xk)− f (x∗))
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SGD∗

.
γ< 1/Lmax f (xk)− f (x∗)≥ 0.

Exk+1

[
∥xk+1 −x∗∥2|xk

]
= Eik

[
∥xk+1 −x∗∥2|xk

]
≤ (1−µγ)∥xk −x∗∥2

xk ,

E
[
∥xk+1 −x∗∥2

]
≤ (1−µγ)E

[
∥xk −x∗∥2

]
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SGD∗

.
E
[
∥gk −∇f (xk)∥2|xk

]
≤ E

[
∥∇fik (xk)−∇fik (x∗)∥2|xk

]
≤ E

[
L2

i ∥xk −x∗∥2|xk

]
≤L2

max∥xk −x∗∥2

E
[
∥gk −∇f (xk)∥2

]
≤L2

maxE
[
∥xk −x∗∥2

]
≤L2

max(1−µγ)k∥x0 −x∗∥2
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(Stochastic Average Gradient, SAG)

v(i)
k

v(j)
k =

∇fj(xk), j= ik

v(i)
k−1, j ̸= ik

ik ∼ Unif(1,2, . . . ,n)

v(i)
0 = 0,∀i ∈ [n].

gk =
1
n

n∑
i=1

v(i)
k = 1

n

∑
j:j ̸=ik

v(j)
k + 1

n
v(ik)

k = 1
n

∑
j:j ̸=ik

v(j)
k−1 +

1
n

v(ik)
k

= gk−1 −
1
n

v(ik)
k−1 +

1
n
∇fik(xk)
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(Stochastic Average Gradient, SAG)

gk ∇f (xk)

E[gk|xk]= E

[
gk−1 −

1
n

v(ik)
k−1 +

1
n
∇fik(xk)|xk

]
=∇f (xk)+gk−1 −

1
n

gk−1
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Stochastic Average Gradient Amélioré: SAGA

{vi}i∈[n],

∇f (x)= 1
n

n∑
i=1

fi(x)= 1
n

n∑
i=1

(
∇fi(x)−vi + 1

n

n∑
i=1

vi

)

∇fi(x;vi)=∇fi(x)−vi + 1
n

n∑
i=1

vi

=∇fi(x)−vi +E[vi]

gk =∇fik(xk,vik)=∇fik(x)−vik +E[vik] ik ∼ Unif(1,2, . . . ,n)
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Stochastic Average Gradient Amélioré: SAGA

Eik[∥gk −∇f (xk)∥2]= Eik

[
∥∇fik(x)−vik +E[vik]−∇f (xk)∥2

]
≤Eik

[
∥∇fik(xk)−vik∥2

]
∇fik(xk) −→

k→∞
vik , Eik[∥gk −∇f (xk)∥2]→ 0.
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Stochastic Average Gradient Amélioré: SAGA

v(j)
k =∇fj(x\k)

∇fj(x\k) k fj .

gk =∇fik(xk)−v(ik)
k + 1

n

n∑
i=1

v(i)
k ik ∼ Unif(1,2, . . . ,n)
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ḡk−1 = 1
n

n∑
i=1

v(i)
k

ik ∈ Unif(1,2, . . . ,n)

gk =∇fik(xk)−v(ik)
k + ḡk−1

xk+1 = xk −γkgk

ḡk = ḡk−1 − 1
nv(ik)

k + 1
n∇fik(xk)

v(i)
0 = 0,∀i ∈ [n], ḡ0 = 0.
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(Stochastic Reduced Gradient, SVRG)

SAG SAGA {vi}, O (nd).
SVRG

gk =∇fik(xk)−∇fik(x̄k)+∇f (x̄k)

O (d).
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SVRG

6
fi Li-smooth , f µ- ,

Lmax =max
i∈[n]

Li, γ ∈ (0, 1
2Lmax

), SVRG m

ρ≜ 1
µγ(1−2Lmaxγ)m

+ 2Lmaxγ

1−2Lmaxγ
< 1

E
[
f (xo)− f (x∗)

]≤ ρo(f (x0)− f (x∗)).

xo = 1
m

m−1∑
i=0

xoi , xoi o i

.
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