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1
g f x0 ∈ dom f , y ∈ dom f

f (y)≥ f (x0)+〈g,y−x0〉.

f x0 ∈ dom f ∂f (x0), f x0

.
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f (x)=max{0,x},x ∈R. y ∈R g ∈ [0,1],

f (y)=max{0,y}≥ f (0)+g ·y= g ·y.

f 0 , ∂f (0)= [0,1].
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2 ( )
Rd ‖ ·‖,

‖y‖∗ =max
x

{〈x,y〉 : ‖x‖ ≤ 1} ∀y ∈Rd.

Cauchy-Schwartz

|〈x,y〉| ≤ ‖y‖∗‖x‖
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f (x)= ‖x‖,x ∈Rd,

∂f (0)= {g ∈Rd : ‖g‖∗ ≤ 1}
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g ∈ ∂f (0)

‖y‖ ≥ 〈g,y〉 ∀y ∈Rd.

y= 0, g ∈Rd .
y 6= 0,

〈g,
y
‖y‖〉 ≤ 1 ∀y ∈Rd\{0}.

y ,

‖g‖∗ = max
y∈Rd\{0}

〈g,
y
‖y‖〉 ≤ 1.
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g ∈ ∂f (0)

‖y‖ ≥ 〈g,y〉 ∀y ∈Rd.

y= 0, g ∈Rd .
y 6= 0,

〈g,
y
‖y‖〉 ≤ 1 ∀y ∈Rd\{0}.

y ,

‖g‖∗ = max
y∈Rd\{0}

〈g,
y
‖y‖〉 ≤ 1.
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f (x)= ‖x‖1,∀x ∈Rd,

∂f (0)= {g : ‖g‖∞ ≤ 1}= [−1,1]d.

, f (x)= |x|,

∂f (0)= [−1,1].
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3
x ∈ dom f , ∂f (x) ,

∂f (x)= ∩
y∈dom f

{
g : f (y)≥ f (x)+〈g,y−x〉}

{
g : f (y)≥ f (x)+〈g,y−x〉} .
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4 ( )
C ⊂Rd , y ∉C , p

〈x,p〉 ≤ 〈y,p〉 ∀x ∈C .
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5
f , x0 ∈ int(dom f ), ∂f (x0) .
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.
f , epi f , (x0, f (x0)) ∈ bd(epi f ).

(p,−α) ∈Rd ×R

〈x0,p〉−αf (x0)≥ 〈y,p〉−ατ ∀(y,τ) ∈ epi f .

τ= f (y), α> 0,

f (y)≥ f (x0)+〈p
α

,y−x0〉.

p
α
∈ ∂f (x0). α> 0.
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.
y= x0, τ= f (x0)+1,

〈x0,p〉−αf (x0)≥ 〈x0,p〉−α(f (x0)+1)

α≥ 0.
p= 0, α> 0, p

α
= 0 ∈ ∂f (x0), p 6= 0 .

Lipschitz , ϵ> 0 Mϵ > 0

f (z)− f (x0)≤Mϵ‖x−z‖ ∀z ∈B‖·‖(x0,ϵ)

(z, f (z)) ∈ epi f ,∀z ∈B‖·‖(x0,ϵ),

〈p,z−x0〉 ≤α(f (z)− f (x0))≤αMϵ‖x0 −z‖ ∀z ∈B‖·‖(x0,ϵ)
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.
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.

〈p,z−x0〉 ≤α(f (z)− f (x0))≤αMϵ‖x0 −z‖ ∀z ∈B‖·‖(x0,ϵ)

z= x0 +ϵ
p

‖p‖

0< ϵ‖p‖ ≤αMϵϵ

α> 0, p
α
∈ ∂f (x0).

, p
α
∈ ∂f (x0), ∂f (x0) .
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.
, g ∈ ∂f (x0), Lipschitz

,

〈g,z−x0〉 ≤ f (z)− f (x0)≤Mϵ‖z−x0‖ ∀z ∈B‖·‖(x0,ϵ)\{x0}.

⟨
g,

z−x0

‖z−x0‖
⟩
≤Mϵ ∀z ∈B‖·‖(x0,ϵ)\{x0}.

〈g,h〉 ≤ 1,∀‖h‖ = 1,

‖g‖∗ ≤Mϵ.
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6
f , Fenchel

f∗(s)= sup
y∈dom f

{〈s,y〉− f (y)}

Fenchel

f∗∗(x)= sup
s∈dom f∗

{〈x,s〉− f∗(s)}

x ∈ dom f , f (x)≥ f∗∗(x); x ∈ dom f

∂f (x) 6= ;, ∂f (x)⊆ dom f∗ f (x)= f∗∗(x).
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.
Fenchel , ∀x ∈ dom f ∀s ∈ dom f ,

f∗(s)≥ 〈s,x〉− f (x)

〈s,x〉− f∗(s)≤ f (x) ∀x ∈ dom f ,∀s ∈ dom f∗

s ∈ dom f∗

f∗∗(x)≤ f (x) ∀x ∈ dom f .
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.
x ∈ dom f , g ∈ ∂f (x),

f (y)≥ f (x)−〈g,y−x〉 ∀y ∈ dom f .

〈g,y〉− f (y)≤ 〈g,x〉− f (x) ∀y ∈ dom f .

f∗(g)≤ 〈g,x〉− f (x)<∞, g ∈ dom f∗
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.
f (x)≥ f∗∗(x), f (x)= f∗∗(x) f∗∗(x)≥ f (x).

f∗∗(x)≥ 〈x,s〉− f∗(s) ∀s ∈ dom f∗.

g ∈ ∂f (x), g ∈ dom f∗,

f∗(g)≤ 〈g,x〉− f (x).

s= g,

f∗∗(x)≥ f (x).

f (x)= f∗∗(x).
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7
f , x0 ∈ int(dom f ), f x f ′(x, ·)

,

f (y)≥ f (x)+ f ′(x;y−x) ∀y ∈ dom f .

f ′(x0,τp)= τf ′(x0,p) ∀τ> 0
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8
f , x0 ∈ int(dom f ),

∂2f ′(x0;0)= ∂f (x0)

∂2 , p ∈Rd,

f ′(x0;p)=max{〈g,p〉 : g ∈ ∂f (x0)}
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.
1. g ∈ ∂f (x0)

f ′(x0;p)= lim
α→0+

f (x0 +αp)− f (x0)
α

≥ 〈g,p〉.
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.
f ′(x0;0)= 0, g ∈ ∂2f ′(x0;0), ∂f (x0)⊆ ∂2f ′(x0;0).

6, ∀y ∈ dom f

f (y)≥ f (x0)+ f ′(x0,y−x0)≥ f (x0)+〈g,y−x0〉 ∀g ∈ ∂2f ′(x0;0).

g ∈ ∂f (x0).
∂f (x0)= ∂2f ′(x0;0)
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.
2. f ′(x0, ·) Rd, p ∈Rd, ∂2f ′(x0;p)

. h ∈ ∂2f ′(x0;p), τ> 0 v ∈Rd, 6

τf ′(x0;v)= f ′(x0;τv)≥ f ′(x0;p)+〈h,τv−p〉

τ, τ→∞

f ′(x0;v)≥ 〈h,v〉 ∀v ∈Rd.

h ∈ ∂2f ′(x0;0)= ∂f (x0).
τ= 0,

f ′(x0;p)≤ 〈h,p〉 ≤ f ′(x0;p).

f ′(x0;p)=max{〈g,p〉 : g ∈ ∂f (x0)}.
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9
f , f x0 ∈ int(dom f ) , ∂f (x0)= {∇f (x0)}
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.
p ∈Rd, 7

f ′(x0;p)= 〈∇f (x0),p〉 ≥ 〈g,p〉 ∀g ∈ ∂f (x0).

p= g−∇f (x0)

‖∇f (x0)−g‖2 ≤ 0 ∀g ∈ ∂f (x0).

g=∇f (x0).
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10
f , x0 ∈ int(dom f ), g(x) ∈ ∂f (x0) x0

, f x0 ∇f (x0)= g(x0).
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.
∇f (x0)= g(x0),

f ′(x0;h)= 〈g(x0),h〉 ∀h ∈Rd.

7 h ∈Rd, α0 > 0,

〈g(x0),h〉 ≤ 1
α

[f (x0 +αh)− f (x0)] ∀α ∈ (0,α0)

g(x0 +αh) ∈ ∂f (x0 +αh),

1
α

[f (x0 +αh)− f (x0)]≤ 〈g(x0 +αh),h〉
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.
∀h ∈Rd,

〈g(x0),h〉 ≤ 1
α

[f (x0 +αh)− f (x0)]≤ 〈g(x0 +αh),h〉 ∀α ∈ (0,α0)

α→ 0,
f ′(x0;h)= 〈g(x0),h〉 ∀h ∈Rd.
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11
f , x0 ∈ int(dom f ), f x0 g(x0),
f x0 ∇f (x0)= g(x0).
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f (x)= ‖x‖2, x= 0,

∂f (0)= {g ∈Rd : ‖g‖2 ≤ 1}.

x 6= 0, f

∇f (x)= x
‖x‖2

∂f (x)=


{

x
‖x‖2

}
, x 6= 0

{g ∈Rd : ‖g‖2 ≤ 1}, x= 0
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12 ( )
C⊆Rd C

σC(x)=max
y∈C

〈x,y〉.
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13
A,B⊆Rd A=B σA =σB.
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14
f ,

A (x)=Ax+b : Rd →Rp

φ(x)= f (A (x)) . dom φ , x ∈ int(dom φ)

A (x) ∈ int(dom f )

∂φ(x)=AT∂f (A (x)).
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.
2. ∂f (A (x))

φ′(x;h)= lim
α→0+

φ(x+αh)−φ(x)
α

= lim
α→0+

f [A (x+αh)]− f (A (x))
α

= lim
α→0+

f [A (x)+αAh]− f (A (x))
α

= f ′(A (x);Ah)

=max
g

{〈g,Ah〉 : g ∈ ∂f (A (x))}

=max
g

{〈g,h〉 : g ∈AT∂f (A (x))}

Weiwen Wang( ) ( ) 2025 5 5 35 / 41



.
∂φ(x)

φ′(x;h)=max
g

{〈g,h〉 : g ∈ ∂φ(x)}.

∂φ(x),∂f (A (x))

∂φ(x)=AT∂f (A (x)).
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15
f1, f2 α1,α2 ≥ 0, α1f1 +α2f2 .

x ∈ int(dom f )= int(dom f1)
∩

int(dom f2),

∂f (x)= ∂f1(x)+∂f2(x).
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16
f1, f2, . . . , fm , dom fi .

f (x)=max
i∈[m]

fi(x),

x ∈∩
int(dom f ),

∂f (x)= conv

 ∪
i∈I(x)

∂fi(x)

 ,

I(x)= {i ∈ [m] : fi(x)= f (x)}.
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f (x)= ‖x‖∞ =max
i∈[d]

|xi| =max
i∈[d]

fi(x), fi(x)= |xi|.

∂f (x)


{
g : ‖g‖1 ≤ 1

}
,x= 0 ∑

i∈I(x)
λisgn(xi)ei :

∑
i∈I(x)

λi = 1,λi ≥ 0 ∀i ∈ I(x)

 ,x 6= 0
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f (x)=max
i∈[m]

aT
i x+bi

∂f (x)=
 ∑

i∈I(x)
λiai :

∑
i∈I(x)

λi = 1,λi ≥ 0 ∀i ∈ I(x)


I(x)= {i : f (x)=aT

i x+bi}.
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