Analysis of Stochastic Gradient Descent
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Stochastic Optimization

General form:
min F(x) = E¢[f(x,§)] (Stochastic Optimization)

xeC

where f(x,€) is a function involving the decision variable x and a random variable

(vector) & ~ P(&).
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Stochastic Optimization

General form:
min F(x) = E¢[f(x,§)] (Stochastic Optimization)

xeC

where f(x,€) is a function involving the decision variable x and a random variable

(vector) & ~ P(&).

In particular, given a set of function {f;(x)}, and let £ ~ Unif{1,...,n}. Define

f(x,€) = f¢(x), then

min F(x) = E¢[f( Zf (Finte-Sum Problem)

xeC
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Stochastic Gradient Descent

Assume that f(x,&) is continuously differentiable for any instance of £&. The
Stochastic Gradient Descent (SGD) updates the numerical solution by

X1 = Ll (x; =7 V(x4 6)),

where &, ~ P(€) and V is taken over the argument x, starting from a deterministic
initialization x;.
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Stochastic Gradient Descent
Assume that f(x,&) is continuously differentiable for any instance of £&. The

Stochastic Gradient Descent (SGD) updates the numerical solution by

X1 = e (%, =% VF(x4, &),
where &, ~ P(€) and V is taken over the argument x, starting from a deterministic
initialization x;.

The corresponding update formula of solving (Finte-Sum Problem) by SGD is written
as

X1 = 1lc (Xt -7V, (Xt)> ;4 ~Unif{l,....n}.
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Stochastic Gradient Descent

Assume that f(x,&) is continuously differentiable for any instance of £&. The
Stochastic Gradient Descent (SGD) updates the numerical solution by

X1 = Ll (x; =%V f(x4,6)),

where &, ~ P(€) and V is taken over the argument x, starting from a deterministic
initialization x;.

The corresponding update formula of solving (Finte-Sum Problem) by SGD is written
as

X1 = 1lc (Xt -7V, (Xt)> ;4 ~Unif{l,....n}.
Note that

£V, (x0)e] = Zw x) Pli =)= Y Vfi(x;) = VF(x)
=1
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Stochastic Gradient Descent

In our analysis, we always assume that

EVf(x,8)] = /Vf(x&)”)(&)d& = V/f(x,ﬁ)”’(ﬁ)dﬁ = VF(x).
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Stochastic Gradient Descent

Example
For ordinary least squares regression,

min F(x l Zn: Ix — b;) fi(x) = (asz_ bi>2

x€R4

3

where {(a;,b;)}!  is the set of training samples.
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Stochastic Gradient Descent

Example
For ordinary least squares regression,

min F(x l Zn: Ix — b;) fi(x) = (asz_ bi>2

x€R4

3

where {(a;,b;)}!  is the set of training samples.

n
Gradient Descent (GD): x,.; =X, — 27, Z(aTx —b;)a;
i=1
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Stochastic Gradient Descent

Example
For ordinary least squares regression,

min F(x l Zn: Ix — b;) fi(x) = (asz_ bi>2

x€R4

:3

where {(a;,b;)}!  is the set of training samples.

n
Gradient Descent (GD): x,.; =X, — 27, Z(aTx —b;)a;
i=1

SGD: X, :xt—2fyt(ag;x—bit)a i, ~Unif{l,...,n}

By
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Stochastic Gradient Descent

Example
For ordinary least squares regression,

1 n
min F(x —Z a x—b,) fi(x) = (asz_bQQ

x€R4

:3

where {(a;,b;)}!  is the set of training samples.

Gradient Descent (GD): x,.; =X, — 27, Z(afx —b;)a,
i1

SGD: x4, :xt—Q%(aZx—bit)a i, ~Unif{l,...,n}

(]
» GD: n samples are used in per-iteration.

P SGD: one sample is used in per-iteration.
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Stochastic Gradient Descent

X1 = e (x; =%V f(x4,6))

P Since Vf(x,,&,) is a random variable, we cannot guarantee that V f(x,,&,) — 0
as t — oo. Therefore, 7, — 0 as t — oo is needed to ensure convergence.

» {x,},., is a random process of which randomness originates from &,, and so is
{F (%) }z1-
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Convergence for Strongly Convex Functions

Theorem 1 (Convergent Step Size)

Assume that F(x) is u-strongly convex, and 3M > 0, s.t. E[|V f(x,€)|3] < M?,
Vx € C, then SGD with v, = 7 at iteration ¢ where 7 > 1/(2u) satisfies

2M2
£ flx —x17) < S where () =

S 2uy—1

Optimization Methods by Weiwen Wang

6/35



Proof of Theorem 1.
Let g, = Vf(x;,&;). Given x,, by the non-expansive property of the projection
operator, we have

%01 —x*|* = [T (%, — i8e,) — x|
< xp —x* — g, IP
= lx; — X*[* — 27, (g, %, — X*) + 77 ge,

> as.

Optimization Methods by Weiwen Wang 7/35



Proof of Theorem 1.
Let g, = Vf(x;,&;). Given x,, by the non-expansive property of the projection
operator, we have

%01 = %77 = [He(x, — vi8e,) — %[

< xp —x* — g, IP

= [, — X7 = 27, (ge, . x, — ") + 77 lge, I

a.s.

Taking expectation both sides conditioned on x, yields

[E[“Xt+1 - X*H2|Xt] <%, — X*”2 —29(VF(x;),%x;, —Xx*) + ’YtQMQ
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Proof of Theorem 1.
By strong convexity of F(x), we have

and

where the last inequality comes from the optimality of x*.
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Proof of Theorem 1.
By strong convexity of F(x), we have

and

where the last inequality comes from the optimality of x*.

Putting together, we have

Eflx sy —x*[Phx,] < (1= 20, — x| + 7 M2
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Proof of Theorem 1.
And by the tower formula, we get

Eflx sy —x*[%) < (1= 2py,)Ellx, —x*|°] + 77 M?

241y 2y 1M
< (1= =) Ellx = x| + —3
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Proof of Theorem 1.
And by the tower formula, we get

Eflx sy —x*[%) < (1= 2py,)Ellx, —x*|°] + 77 M?

241y . V2 M?
< (1= ==)Ellx = x| + ——

Lett =1,
0 < Eflxy —x*[?] < (1 —2py)[x; — x> +~+*M>.

Since v > 1/(2p),

%, — x| <

We complete the proof by induction. O
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Convergence for Strongly Convex Functions

Theorem 2 (Constant Step Size)

Assume that F'(x) is both u-strongly convex and L-smooth. Moreover, assume that
stochastic gradient satisfies that

E[IVf(x,8I3] <0 + c|VE ().
Then, SGD with constant stepsize 7, = v < - achieves:

- vLo?

E[F(x,) — F(x)] < 57

+ (1 =) (F(xy) — F(xY)),

where x* is the optimal solution and C = R<.

> lim (F(x,) — F(x*)) < 242

» What if C ¢ R4?
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Proof of Theorem 2.
Since C = RY, given x, and let 8¢, = Vf(x;, &), we have

X1 = (X, —78¢,) = %, — 78, & ~ Unif{l, ..., n}.
And the L-smoothness of F'(x) yields

L
F<Xt+1> - F(x;) < <VF(Xt)7Xt+1 — %) + §th+1 - Xt“2

L~?
:—’Y<VF(Xt),g§t>+7||g§t||2 a.s.
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Proof of Theorem 2.
Since C = RY, given x, and let 8¢, = Vf(x;, &), we have

X1 = (X, —78¢,) = %, — 78, & ~ Unif{l, ..., n}.
And the L-smoothness of F'(x) yields

L
F<Xt+1> - F(x;) < <VF(Xt>7Xt+1 — %) + §th+1 - Xt“2

L~?
:—’Y<VF(Xt),g§t>+7||g§t||2 a.s.

Taking expectation both sides conditioned on x, yields

E[F (ki) — F(x)) < —/(VF(x,), Elge ] + T2 Ellge, 1)
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Proof of Theorem 2.
By the assumption and [E[g, | = VF(x;), we get

cyL

1P () — Fo) < — (1= 22 ) IVFGeP? + 257

2

(®)
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Proof of Theorem 2.
By the assumption and [E[g, | = VF(x;), we get

PG — POl < = (1- 22 ) VRl + 2575 (@)
Since F(x) is u-strongly convex,
Sl PRI = Flx) = () as. ()
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Proof of Theorem 2.
By the assumption and [E[g, | = VF(x;), we get

PG — POl < = (1- 22 ) VRl + 2575 (@)
Since F(x) is u-strongly convex,
Sl PRI = Flx) = () as. ()

Define A, = F(x,) — F(x,). Note that v < % and hence 1 — 252 > 0.
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Proof of Theorem 2.
By the assumption and [E[g, | = VF(x;), we get

PG — POl < = (1- 22 ) VRl + 2575 (@)
Since F(x) is u-strongly convex,
S PO > Flx) ~ Plx) as. ()

Define A, = F(x,) — F(x,). Note that v < -%- and hence 1 — 252 > 0. Combing (&)
and () yields

2L0.2
E[Ar ] < (1— 20+ y2eul) E[A] +
2LO.2
<1 - EA]+ 5.
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Proof of Theorem 2.
The above inequality can be rearranged as

~vLo?

2

~vLo?
E[A] - ]

< (- [ela) - 75
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Proof of Theorem 2.
The above inequality can be rearranged as

8] - 55 < (=) [EA] - 7
0.2
< (-’ [E18) - 57

< (=) E[A,] VE>1

Optimization Methods by Weiwen Wang 13/35



Convergence for Nonconvex Functions

Theorem 3

Assume that F(x) is L-smooth and the stochastic gradient has bounded variance,

namely, E|Vf(x, &) — VF(x)|?> < 2. Then SGD with stepsize

N, == min{%, U:Y;’T} achieves

F(x)-Fx)) , o
T + VT

where X is selected uniformly at random from {x;,...,x;} and C = R%.

E[IVEGI? < 22 <2<F<x1> — F(x))

+L’y>
Yo 0
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Proof of Theorem 3.
From the bounded variance of the stochastic gradient, we have

E[IVf (e, O] < 0 + [VF(x)]*
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Proof of Theorem 3.
From the bounded variance of the stochastic gradient, we have

E[IVf (e, O] < 0 + [VF(x)]*

Given x, and let g¢ = Vf(x,,&;), following the proof of Theorem 2 yields

27 2
v“Lo
ELF (e, ) — PO < = (1= 252 IVFPGo? + 257,
which can be rearranged as
L 5 ~v2Lo?
7 (1= ) IVFe)IP < E[F(x) = Flxi)] + 15
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Proof of Theorem 3.
From the bounded variance of the stochastic gradient, we have

E[IVf (e, O] < 0 + [VF(x)]*

Given x, and let g¢ = Vf(x,,&;), following the proof of Theorem 2 yields

27 2
v“Lo
ELF (e, ) — PO < = (1= 252 IVFPGo? + 257,
which can be rearranged as
L ~v2Lo?
7 (1= ) IVF)PP < ELF(x) = Fxe)] + 2
Note that v < % and hence 1 — 77 > %
’}/2L0'2

%IIVF(XI‘/)II2 < F(x,) = F(x') = (E[F(x;11) = F(x)]) +
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Proof of Theorem 3.
Taking expectation and telescoping, we get

T 2 0.2
L [Z IVE ()| < Floxy) — Fx) — (EF(xpy ) — F)]) + o0 7
< Flxy) = Flx) + 207

Optimization Methods by Weiwen Wang 16/35



Proof of Theorem 3.
Taking expectation and telescoping, we get

ey L2
2" [E IVE(x)|?| < F(xy) = F(x*) = (E[F(xp,,) = F(x)]) + ~5— - T
< Flxy) = Flx) + 207
And ;
| VPG| < 2 0 = E6D 1 ko
Since 5 1= min{ 7, Uz}, 7 < S and = max{L, =T} o
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Proof of Theorem 3.

E [;;yvzv(xt),zl < 2F(X1)T— F(x*) -max{L, UfHLUz'ajoﬁ
2L(F(x,) — F(x*) o (2(F(x,)—F(x"))
- T A ( " +L%>
0
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Complexity

Table: Complexity comparison for GD and SGD, k = %

Problem class Method Iter. complexity Iter. cost Total
GD O(klog(1/e)) O(n) O(nklog(1l/e))
Strongly convex and smooth SGD O(1/e) 0(1) O(1/¢)
GD O(1/?) O(n) O(n/e?)
Non-convex SGD 01 /) 0(1) 01 /)
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Remark on Theorem 2 and Theorem 3
Both theorems depend on the bounded variance assumption

E[Vfx, €I < o + [VF(x)]?,

where 02 manifests the noisy level. The noise gradient estimate prevents convergence
to the optimal in Theorem 2. A larger 02 may also lead to a worse bound in Theorem
3. Noise reduction methods are developed as a remedy; see (Bottou, Curtis, and
Nocedal, 2018, Section 5).
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The following notes are not used in the lecture.
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Noise Reduction Methods

Consider SGD for stochastic optimization.

min F(x) = E¢[f(x,§)] (Stochastic Optimization)

x€R4

Xip1 = X — Y:8(x4, &) (SGD)

where &, is generated from some distribution P(&,) independently at every iteration.
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Given x,, the variance of random vector g(x,, ;) is defined as

Var[g(x;,&,)] = Ellg(x;, §)I°] — |Elg(x;, &)1
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Given x,, the variance of random vector g(x,, ;) is defined as

Var[g(x;,&,)] = Ellg(x;, §)I°] — |Elg(x;, &)1

Assumption 1 (First and second moment limits)

(a) There exists scalars 5o > 8 > 0 such that
VF(x,) Elg(x;,€)] > BIVE(x,)|> and |E[g(x;, &)l < Bel VER)].
(b) There exits scalars M > 0 and M;, > 0 such that, for all t € N

Var[g(x;, &,)] < M + My|VF(x,)|*.
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Given x,, the variance of random vector g(x,, ;) is defined as

Var[g(x;,&,)] = Ellg(x;, §)I°] — |Elg(x;, &)1

Assumption 1 (First and second moment limits)

(a) There exists scalars 5o > 8 > 0 such that
VF(x,) Elg(x;,€)] > BIVE(x,)|> and |E[g(x;, &)l < Bel VER)].
(b) There exits scalars M > 0 and M;, > 0 such that, for all t € N

Var[g(x;, &,)] < M + My|VF(x,)|*.

Combing Assumption 1 and the definition of variance yields
Ellg(x;, €)% < M + Mg|VF(x,)]?,

where My = My, + 8% > 32> 0
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Noise Reduction Methods

P Dynamic sampling methods:to achieve noise reduction by gradually increasing
the mini-batch size used in the gradient computation.

P Gradient aggregation methods:store gradient estimates corresponding to
samples employed in previous iterations and define the search direction as
weighted as a weighted average of these estimates.

P Iterate averaging methods:maintain an average of iterates computed during
the optimization process.
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Reducing Noise at a Geometric Rate

Remark on SGD of L-smooth function
Given x,, if F'(x) is L-smooth, SGD satisfies

E[F(x,11)] — F(x) < =7, VF(x,) " Elg(x,, §,)] + %7t2L[E[”g<Xt7£t>”2]'

P If —g(x,,&,) is a descent direction in expectation and if we are able to decrease
Elllg(x,, &,)|?] fast enough, then the effect of having noisy directions will not
impede a fast rate of convergence.
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Reducing Noise at a Geometric Rate

Remark on SGD of L-smooth function
Given x,, if F'(x) is L-smooth, SGD satisfies

E[F(x,11)] — F(x) < =7, VF(x,) " Elg(x,, §,)] + %7t2L[E[”g<Xt7£t>”2]'

P If —g(x,,&,) is a descent direction in expectation and if we are able to decrease
Elllg(x,, &,)|?] fast enough, then the effect of having noisy directions will not
impede a fast rate of convergence.

P Such behavior is expected if, in Assumption 1, we suppose instead that the
variance of g(x;,&,) vanishes sufficiently quickly.
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Reducing Noise at a Geometric Rate

Theorem 4

Let F(x) be p-strongly convex and L-smooth. Assume that the Assumption 1 holds with the
variance assumption refined to the existence of constant M > 0 and ¢ € (0,1) such that, for

all t e N,
Var[g(x;, &) < M¢' (%)
In addition, suppose that SGD is run with a fixed stepsize y, = -y satisfying
[ B 1 }
0<y< mln{ , — B
LBE’ pups (#)
Then, for all ¢ € N, the expected optimality gap satisfies
E[F(x;) — F(x")] < wp'™, (*)
where T,
w:max{viﬂ7F(x1)—F(x*)} and p:max{l—#,g}<l. (%)
I
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Proof of Theorem 4.
It can be shown that given x,, if F\(x) is L-smooth, SGD satisfies

E[F (1) — Flx,) < —/VF () Elg(x, €] + 577 LEllg(x,, €17
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Proof of Theorem 4.
It can be shown that given x,, if F\(x) is L-smooth, SGD satisfies

E[F (1) — Flx,) < —/VF () Elg(x, €] + 577 LEllg(x,, €17
From Assumption 1(a) and (), we have

Ellg(x,, 515)”2] = Var[g(x,,§,)] + H[E[g(xt,Et)HP
< MG+ BRIVF (%))
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Proof of Theorem 4.
It can be shown that given x,, if F\(x) is L-smooth, SGD satisfies

E[F (1) — Flx,) < —/VF () Elg(x, €] + 577 LEllg(x,, €17
From Assumption 1(a) and (), we have

Ellg(x,, 51&)”2] = Var[g(x,,§,)] + H[E[g(xt,ft)”P
< MC 4 BBV F(x,)|*.

Hence
1 L
E[F(x41)] — F(x,) < —=v8IVF(x,)|” + 572L62GHVF(X0H2 + 572MCH

1 L
< —y (8- 32827 ) IVF(x)I? + 592MC")
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Proof of Theorem 4.
Since F(x) is p-strongly convex

IVE () > 20 (F(x,) — F(x%))

Denote A, = E[F(x,) — F(x")].
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Proof of Theorem 4.
Since F(x) is p-strongly convex

IVE () > 20 (F(x,) — F(x%))

Denote A, = E[F(x,) — F(x")].
Combing the inequalities and rearranging yield

L
Ay < (1 —9Bu)A, + §V2MCt_17

where we apply the constraint v < ﬁ
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Proof of Theorem 4.
Since F(x) is p-strongly convex

IVE () > 20 (F(x,) — F(x%))

Denote A, = E[F(x,) — F(x")].
Combing the inequalities and rearranging yield

L
Ay <A —yBu)A, + §V2MCt_17

where we apply the constraint v < %
G
We are going to prove (#) by induction, which obviously holds when ¢ = 1. O
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Proof of Theorem 4.
Suppose (#) holds at t-th iteration, we have

L
A S —Bp)A + 572MCH

L
< (1= ~Buwp'™t + EVQMCt‘l

oy Yup

< (1 —yBp)wp™" + TwCH (w>~yLM/(uB))

Optimization Methods by Weiwen Wang 29/35



Proof of Theorem 4.
Suppose (#) holds at t-th iteration, we have

A1‘,-5—1

Optimization Methods by Weiwen Wang

L
< (1 —vBp)A, + 5’72MCH

L
< (1 —=vBuwp'™t + =AMt

2

< (1= 7Byt + Bt (> LM /(u8)
< (1=9Bu)wp +#wp - (p=9Q)
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Proof of Theorem 4.
Suppose (#) holds at t-th iteration, we have

L
A S —Bp)A + §'VQMCH

L
< (1 —=vBuwp'™t + =AMt

2
< (1= 7Byt + Bt (> LM /(u8)
< (1 —Bp)wptt + #wﬂ - (p=9Q)
_(q_ Bk
B ( 2 )
A (o= (1-75"))
We complete the proof. O
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Dynamic Sample Size Methods

One may ask how can we design a method that achieve the vanishing bounded
variance (1).

Var(g(x;, §;,)] < M¢1. (%)

For some 7 > 1, define the stochastic direction as

B0 &) = - > VI €) (%)

t jes,

with n, = |S,| = [7171].
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Dynamic Sample Size Methods
One may ask how can we design a method that achieve the vanishing bounded

variance (1).
Var[g(x;, &) < M¢" (£)

For some 7 > 1, define the stochastic direction as

g(x;, &) = n va (x4, &) (=)
t jes,
with n, = |S,| = [7171].

Assume that {§, ;},cs, are independently drawn from P for all ¢ € N and the variance
of Vf(x;,&; ;) is consistently bounded by M > 0.
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Dynamic Sample Size Methods
One may ask how can we design a method that achieve the vanishing bounded
variance (1).
Var(g(x,, §,)] < M¢" (#)

For some 7 > 1, define the stochastic direction as

B0 &) = - > VI €) (%)

t jes,
with n, = |S,| = [7171].

Assume that {§, ;},cs, are independently drawn from P for all ¢ € N and the variance
of Vf(x;,&; ;) is consistently bounded by M > 0. It can shown that

M

Var(g(x,,§,;)] < E

and hence g(x,,§,) satisfies (f).
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Dynamic Sample Size Methods

Assume that SGD is run with the stochastic direction (*) and E[V f(x;,&; ;)] for all
i €S, and t € N. Then the variance condition (f) is satisfied, and if all other
assumptions of Theorem 4 hold, then the expected optimality gap vanishes linearly in

the sense of ().
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Dynamic Sample Size Methods

Total work complexity: The number of evaluations of the individual gradients
V f(x;,&; ;) required to compute an e-optimal solution, i.e., to achieve

E[F(x) — F(x")] <e (®)
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Dynamic Sample Size Methods

Theorem 6

Suppose that SGD is run with stochastic direction estimate (*) for some

7€ (1,(1 —~Bu/2)"'] and a stepsize v satisfying (#). In addition, suppose
assumptions in Theorem 4 hold. Then, the total number of evaluations of a stochastic
gradient of the form V f(x,,§, ;) (total work complexity) required to obtain an
e-optimal solution (®) is O(e™1).

Optimization Methods by Weiwen Wang 33/35



Proof of Theorem 6.
By definition of the stochastic direction estimate, the bounded variance () hold with

¢=1/r.
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Proof of Theorem 6.
By definition of the stochastic direction estimate, the bounded variance (#) hold with

¢=1/r.
Suppose wp'~! < ¢ holds for some ¢ € N, which implies

Py losle/)

log p
Since t — 1 is integer, we have t — 172 [%W and, if the equality holds we still
ensure an e-optimal solution in the ¢-th iteration.
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Proof of Theorem 6.
By definition of the stochastic direction estimate, the bounded variance (#) hold with

¢=1/r.

Suppose wp'~! < ¢ holds for some ¢ € N, which implies

Py losle/)

log p
Since t — 1 is integer, we have t — 172 [%W and, if the equality holds we still
ensure an e-optimal solution in the ¢-th iteration. .
Then, by (®), the number of sample gradients required in ¢-th iteration is [7/71] where

- og(w/e og(w/e) 710% K
Pt =l < o (tog (1)) =€ (T) T =0 (%)

€ €

where C' > 0 is some constant and x = _kl’ngp. O
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Proof of Theorem 6.
Therefore, the total number of sample gradient evaluations for the first ¢ iterations is

t

s () (2250)
< 20(%)" (1_11#)'
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Proof of Theorem 6.
Therefore, the total number of sample gradient evaluations for the first ¢ iterations is

t

oot (1) (20
< 20(%)" (1_11#)'

From (%) and note that 7 < (1 —v8u/2)~ !, we have p = ("1 = 1/7, so that
k=log7/logp=1.
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Proof of Theorem 6.
Therefore, the total number of sample gradient evaluations for the first ¢ iterations is

t

oot (1) (20
< 20(%)" (1—11/7)'

From (%) and note that 7 < (1 —v8u/2)~ !, we have p = ("1 = 1/7, so that
k=log7/logp=1.

For some o € (0,1], we have 7 = (1 — oyBu/2)~1, and it leads to

Lo W\ * 1 4Cw 1
ZI[TJ =20 (Z) (1—1/7’) - VB €

j=

as desired. OJ
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